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Abstract. In the case that the GNSS satellite signal is interfered and
the satellite constellation visibility is affected, an independent pseudolite
navigation and positioning system can be constructed to achieve the posi-
tioning operation of the target user. This paper proposes an independent
navigation and positioning system consisting of four pseudolites based
on the principle of Time Difference of Arrival (TDOA). In this paper,
the geometric dilution of precision (GDOP) expression of the positioning
system under the TDOA technology is derived. In view of the influence of
pseudolites geometric layout on GDOP, this paper proposes two layout
schemes, Y-type and T-type, and simulates the distribution of GDOP
values under each layout scheme. After comparing and analyzing the
simulation graphs, it is concluded that the T-shaped geometric layout
can significantly reduce the GDOP value compared with the Y-shaped
layout.
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1 Introduction

The emergence of the Global Navigation Satellite System (GNSS) has driven new
developments in the field of navigation and positioning on the Earth’s surface and
near the ground [1]. With the continuous improvement of hardware technology,
GNSS systems have been widely used in geodesy and measurement-oriented
industries [2], including GPS, GLONASS and Chinese Beidou satellite navigation
system (BDS). Since the availability of GNSS systems and the accuracy of the
positioning results depend on the number of visible satellites and the geometric
distribution of the satellites, poor positioning conditions such as indoors, canyons
and underground in which if the user receivers are located, can severely affect
the number and geometry of traceable satellites, and even making the GNSS
system unable to meet the needs of positioning operations. In order to solve
the above problems, the introduction of pseudolite technology can provide new
methods and approaches.
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Pseudolites are generators that can propagate signals similar to GNSS sig-
nals. The simplest form is the GNSS signal generator and transmitter [3]. There
are three main modes of operation for pseudolite technology: (a) an enhanced
GNSS system based on pseudolite; (b) a completely independent pseudolite nav-
igation and positioning system; (c) a pseudolite-based reverse positioning sys-
tem [4]. Among them, a pseudolite-based navigation and positioning system,
that is, a navigation constellation network composed of a sufficient number of
pseudolites, in the case where the GNSS satellite signal is completely obscured
by artificial and natural obstacles and GNSS technology cannot be applied for
navigation and positioning, can perform independent navigation and positioning
operations.

In this paper, a completely independent navigation and positioning system
consisting of four pseudolites based on the principle of Time Difference of Arrival
(TDOA) is proposed to achieve user receiver positioning in three-dimensional
space under the circumstance that the GNSS satellite signal is interfered and
the satellite constellation visibility is affected. In addition, this paper deduces
the geometric dilution of precision (GDOP) expression of the positioning sys-
tem based on the TDOA principle, and analyzes the main factors affecting the
value of GDOP: time difference measurement accuracy, pseudolite position mea-
surement accuracy and pseudolite geometry layout. In view of the pseudolite
geometric layout, this paper proposes two layout schemes, Y-type and T-type,
and simulates and analyzes the distribution of GDOP values under each layout
scheme.

2 Pseudolite Independent Navigation and Positioning
System

The pseudolite independent navigation and positioning system proposed in this
paper adopts four pseudolites to form an independent positioning network. Each
pseudolite transmits a satellite signal similar to GNSS.

Fig. 1. The independent navigation and positioning system composition with 4 pseu-
dolites.
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The user to be located (RT ) receives the pseudolite (Pi, i = 0, 1, 2, 3) signal,
and the receiver finally solve the three-dimensional position coordinates of its
own in three-dimensional space through applying the TDOA positioning princi-
ple. The system composition diagram is shown in Fig. 1.

In different practical applications, the specific pseudolite geometric arrange-
ment is also different, but the position information of each pseudolite itself is
known in advance.

Compared with GNSS systems, pseudolite positioning systems have the fol-
lowing advantages [5]:

(1) The geometric distribution of the pseudolite can be designed in advance to
obtain the best positioning effect.

(2) The position of the pseudolite transmitter can be arbitrarily arranged and
changed in a three-dimensional space in which GNSS satellite signal is com-
pletely invisible.

(3) The economic cost of pseudolite equipment is relatively low, and a larger
number of pseudolites may be considered for further research and improve-
ment of the system.

3 TDOA Positioning Principle

Time Difference of Arrival (TDOA) [6] measures the time data of a signal sent
from multiple transmitting terminals in a straight line to the receiving terminal,
and obtains the distance differences between each transmitting ends and the
receiving end according to the propagation speed of the electromagnetic wave in
the air. So that the receiving end is able to be positioned. Considering the geo-
metric space, in the three-dimensional space, the signal time difference between
some two transmitting terminals to the receiving end determines a pair of hyper-
boloids with the two emitting ends as the focus. Therefore the time difference
positioning technology is also called hyperbolic positioning technology.

As shown in Fig. 2, the three-dimensional time difference positioning requires
at least four transmitting terminals to determine three pairs of hyperboloids, and
the positioning of the user receiver is realized by the principle that the surface
lines intersect to determine one point.

In this paper, four pseudolites are used to form an independent navigation
and positioning system. Figure 3 shows the geometrical diagram of the posi-
tioning system. In the three-dimensional space, the position of the user to be
located RT is (xT , yT , zT ), the position of the four pseudolites (Pi, i = 0, 1, 2, 3)
is (xi, yi, zi), i = 0, 1, 2, 3, and the time difference TDOA between the pseudolite
P0 received by the user receiver and the remaining three pseudolites Pi is Δti,
i = 0, 1, 2, 3. The distance difference of the user to pseudolite P0 and to the rest
three pseudolites is recorded as Δr, i = 1, 2, 3, and the propagation rate of the
electromagnetic wave in the air is c, According to the speed distance formula,
there are:

Δri = c × Δti, i = 1, 2, 3 (1)
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Fig. 2. Principle of three-dimensional
time difference positioning.

Fig. 3. Three-dimensional time differ-
ence positioning geometry.

According to the geometric principle of three-dimensional space, the linear
distance ri, i = 0, 1, 2, 3 of the user to be positioned RT to the pseudolite Pi and
the distance difference between the user to the pseudolite P0 and the other three
pseudolites can be calculated by the following formula:

⎧
⎪⎪⎨

⎪⎪⎩

Δri = ri − r0, i = 1, 2, 3

r0 =
√

(xT − x0)
2+(yT − y0)

2+(zT − z0)
2

ri =
√

(xT − xi)
2+(yT − yi)

2+(zT − zi)
2
, i = 1, 2, 3

(2)

The user receiver measures the time difference of arrival (TDOA) value of the
transmitted signals of each pseudolite. Then, after substituting the known posi-
tion information of each pseudolite into formula (1) and formula (2) respectively,
a set of equations with three unknown parameters is obtained. The equations
are expressed in matrix form as:

AX = B (3)

where,

A =

⎡

⎣
x0 − x1 y0 − y1 z0 − z1
x0 − x2 y0 − y2 z0 − z2
x0 − x3 y0 − y3 z0 − z3

⎤

⎦ (4)

X =

⎡

⎣
xT

yT

zT

⎤

⎦ (5)

B =

⎡

⎣
r0 · r1 + d1
r0 · r2 + d2
r0 · r3 + d3

⎤

⎦ (6)
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Thereinto, di = 1
2 (Δr2i + x2

0 + y2
0 + z20 − x2

i − y2
i − z2i ), i = 1, 2, 3. It is worth

noting that since the TDOA value is measured, Δri(i = 1, 2, 3) in the above
equation can be directly solved, so di(i = 1, 2, 3) can be regarded as a known
constant value.

The Eq. (3) obtained by the simultaneous Eqs. (1) and (2) is a nonlinear
equation set, where ri i = 0, 1, 2, 3 is a nonlinear function with respect to the
unknowns xT , yT , zT , hence the explicit expressions for directly finding the
unknowns is more difficult. An important solution method to this problem is
nonlinear least squares (NLS) [8]. Based on the initial guess of the target posi-
tion, the method achieves the linearization of the TDOA measurement by taylor
series expansion. Another influential method is the closed-form weighted least
squares method [11] developed from least squares minimization, which linearizes
the TDOA equation by introducing an unknown distance from a measurement
station to the target, improves the positioning accuracy. Besides, methods such
as particle filter [12] and maximum likelihood estimation [13] have also been
applied to TDOA measurements.

In addition, there are two common methods for user receiver to measure the
time difference of arrival of transmit signal of each pseudolite: (a) directly mea-
suring the TOA (Time of Arrival) value of transmit signal of each pseudolite and
then obtaining the difference; (b) use the cross-correlation operation technique
for each pseudo-satellite signal received to obtain the TDOA value. In order to
ensure the positioning accuracy, the former method requires that each pseudolite
in the positioning system and the user receiver maintain time synchronization.

4 Analysis for System Positioning Accuracy

The positioning error of the pseudolite independent navigation and positioning
system is related to the geometric position of the pseudolite. In order to quan-
titatively analyze this relationship, a conventional positioning accuracy analysis
method is introduced. Define the geometric precision factor GDOP (Geomet-
ric Dilution of Precision) to describe the geometric distribution of positioning
errors in three-dimensional space. GDOP in three-dimensional space is usually
expressed by the following formula:

GDOP =
√

σ2
x + σ2

y + σ2
z (7)

where, σx, σy, σz respectively indicate the standard deviation of the positioning
error in the x, y, and z directions.

For the distance difference δri(i = 1, 2, 3) in Eq. (2), the differential is
obtained:

d(Δri) = ∂Δri

∂xT
dxT + ∂Δri

∂yT
dyT + ∂Δri

∂zT
dzT

+ (∂Δri

∂x0
dx0 + ∂Δri

∂y0
dy0 + ∂Δri

∂z0
dz0) − (∂Δri

∂xi
dxi + ∂Δri

∂yi
dyi + ∂Δri

∂zi
dz)

(8)

where, ∂Δri

∂xT
= xT−xi

ri
− xT−x0

r0
, ∂Δri

∂yT
= yT−yi

ri
− yT−y0

r0
, ∂Δri

∂zT
= zT−zi

ri
− zT−z0

r0
,

i = 1, 2, 3, ∂Δri

∂xi
= xT−xi

ri
, ∂Δri

∂yi
= yT−yi

ri
, ∂Δri

∂zi
= zT−zi

ri
, i = 0, 1, 2, 3.
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To solve for dxT , dyT , and dzT , the Eq. (5) is converted to a matrix form as:

dr = Cdx + K0ds0 − K1ds1 − K2ds2 − K3ds3 (9)

where: dr =

⎡

⎣
d(Δr1)
d(Δr2)
d(Δr3)

⎤

⎦ =

⎡

⎣
cd(Δt1)
cd(Δt2)
cd(Δt3)

⎤

⎦, dx =

⎡

⎣
dxT

dyT

dzT

⎤

⎦, dsi =

⎡

⎣
dxi

dyi

dzi

⎤

⎦, i = 0, 1, 2, 3;

C =

⎡

⎢
⎢
⎢
⎣

xT−x1
r1

− xT−x0
r0

yT−y1
r1

− yT−y0
r0

zT−z1
r1

− zT−z0
r0

xT−x2
r2

− xT−x0
r0

yT−y2
r2

− yT−y0
r0

zT−z2
r2

− zT−z0
r0

xT−x3
r3

− xT−x0
r0

yT−y3
r3

− yT−y0
r0

zT−z3
r3

− zT−z0
r0

⎤

⎥
⎥
⎥
⎦

,

K0 =

⎡

⎢
⎢
⎢
⎣

xT−x0
r0

yT−y0
r0

zT−z0
r0

xT−x0
r0

yT−y0
r0

zT−z0
r0

xT−x0
r0

yT−y0
r0

zT−z0
r0

⎤

⎥
⎥
⎥
⎦

, K1 =

⎡

⎢
⎢
⎢
⎣

xT−x1
r1

yT−y1
r1

zT−z1
r1

0 0 0

0 0 0

⎤

⎥
⎥
⎥
⎦

,

K2 =

⎡

⎢
⎢
⎢
⎣

0 0 0
xT−x2

r2

yT−y2
r2

zT−z2
r2

0 0 0

⎤

⎥
⎥
⎥
⎦

, K3 =

⎡

⎢
⎢
⎢
⎣

0 0 0

0 0 0
xT−x3

r3

yT−y3
r3

yT−y3
r3

⎤

⎥
⎥
⎥
⎦

.

dr in Eq. (6) represents the system measurement error of the TDOA, dsi repre-
sents the measurement error of each pseudo-satellite position information, and
dx is the positioning error of the user to be located in the x, y, and z directions.
The weighted least squares (WLS) method can be used to solve the positioning
error:

dx̂ = (CT C)−1CT (dr + K1ds1 + K2ds2 + K3ds3 − K0ds0) (10)

Here let B =
(
CT C

)−1 · CT .
Since the TDOA value of each pseudolite signal measured by user receiver

incorporates error, and the error exists in each time difference, hence the mea-
surement error of each Δri = cΔti is correlated, and the position measurement
error of the pseudolite is irrelevant. Assume that after the system correction, the
mean value of the measurement error is zero, and the variance of the pseudo-
satellite position measurement error is the same, then the positioning error
covariance matrix of the user receiver is as follows:

Pdx̂ = Cov(dx̂) = E[dx̂ · dx̂T ]
= B(E[dr · drT ] + K1E[ds1 · dsT

1 ] + K2E[ds2 · dsT
2 ]

+K3E[ds3 · dsT
3 ] − K0E[ds0 · dsT

0 ])BT
(11)

where, E[dr · drT ] =

⎡

⎢
⎢
⎢
⎣

σ2
Δr1

ρ12σΔr1σΔr2 ρ13σΔr1σΔr3

ρ21σΔr2σΔr1 σ2
Δr2

ρ23σΔr2σΔr3

ρ31σΔr3σΔr1 ρ32σΔr3σΔr2 σ2
Δr3

⎤

⎥
⎥
⎥
⎦

,
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E[dsi · dsT
i ] = Cov

⎛

⎜
⎜
⎜
⎝

⎡

⎢
⎢
⎢
⎣

dxi

dyi

dzi

⎤

⎥
⎥
⎥
⎦

⎞

⎟
⎟
⎟
⎠

=

⎡

⎢
⎢
⎢
⎣

σ2
xi 0 0

0 σ2
yi 0

0 0 σ2
zi

⎤

⎥
⎥
⎥
⎦

, i = 0, 1, 2, 3.

Thereinto, σ2
Δri

(i = 0, 1, 2, 3) is the variance of the measured distance differ-
ence error between pseudolite Pi(i = 1, 2, 3) and pseudolite P0, and ρij is the
correlation coefficient of the measured distance difference error between pseudo-
lite Pi(i = 1, 2, 3) and pseudolite P0:

ρij =
Cov(Δri0,Δrj0)

σΔri0 · σΔrj0

(12)

where, σ2
xi, σ2

yi, and σ2
zi(i = 0, 1, 2, 3) are the variances of the measurement errors

of the pseudo-satellite position information in the x, y, and z directions, respec-
tively, and σ2

xi = σ2
yi = σ2

zi.
Then the positioning error covariance matrix of the user receiver to be located

can be written as follows:

Cov

⎛

⎝

⎡

⎣
dxT

dyT

dzT

⎤

⎦

⎞

⎠ = E

⎛

⎝

⎡

⎣
dxT

dyT

dzT

⎤

⎦
[
dxT dyT dzT

]

⎞

⎠ =

⎡

⎣
σ2

x 0 0
0 σ2

y 0
0 0 σ2

z

⎤

⎦ (13)

Therefore, according to the definition of GDOP, the positioning geometric
accuracy of the pseudo-satellite independent navigation and positioning system
based on the TDOA principle in three-dimensional space can be obtained as:
GDOP =

√
σ2

x + σ2
y + σ2

z .
It can be seen from the above derivation process that reducing the measure-

ment error variance of the TDOA and the pseudo-satellite position information
can reduce the GDOP value, thereby improving the positioning accuracy of the
system.

5 Simulation for Positioning Performance

In the above analysis of positioning accuracy, the final expression of the geometric
dilution of precision (GDOP) in three-dimensional space shows that the GDOP
of the proposed system is related to the accuracy of time difference measurement
and the accuracy of pseudo-satellite position measurement. The larger both of
the errors, the larger the geometric dilution of precision value, which means that
the system positioning performance is worse. In addition, the geometry layout
of the four pseudolites has a crucial impact on GDOP. Two kinds of pseudo-
satellite layout designs are proposed below, and the GDOP distribution of the
two schemes are simulated and analyzed.

Assume that the user receiver is located in a three-dimensional space of
200 m in length, 200 m in width and 10 mm in height, and establish a pseu-
dolite positioning system in this space, setting the standard deviation of the
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Fig. 4. Four pseudolites in Y-shaped lay-
outs.

Fig. 5. Four pseudolite in T-shaped lay-
outs.

time difference measurement error to 0.0075, and the standard deviation of the
pseudolite absolute position measurement error is 0.5. The correlation coefficient
of the measured distance difference error between pseudolite Pi(i = 1, 2, 3) and
pseudolite P0 is 0.35.

The Y-shaped layout scheme is shown in Fig. 4. The three-dimensional Carte-
sian coordinate system is established based on the geometric center of the bottom
surface of the three-dimensional geometric figure. The coordinate information
of the set pseudolite Pi(i = 0, 1, 2, 3) is (0, 0, 10), (100, 100, 10), (100,−100, 10),
(−100, 0, 10) in turn; And assume that the user is in the horizontal plane of
z = 0. The corresponding GDOP distribution map under this layout scheme is
shown in Figs. 6 and 7.

Under the same assumptions, the T-shaped layout scheme is shown in Fig. 5.
The coordinate information of the set pseudolite Pi(i = 0, 1, 2, 3) is (60, 0, 10),
(60, 100, 10), (60,−100, 10), (−60, 0, 10) in turn; Also assume that the user is in
the horizontal plane of z = 0. The corresponding GDOP distribution map under
this layout scheme is shown in Figs. 8 and 9.

Fig. 6. GDOP contour map in Y-shaped
layout.

Fig. 7. GDOP distribution in Y-shaped
layout.
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Fig. 8. GDOP contour map in T-shaped
layout.

Fig. 9. GDOP distribution in T-shaped
layout.

Observing Figs. 6, 7, 8 and 9, it can be seen that the GDOP contour map in
Y-shaped layout is more uniform than that in T-shaped layout, and in the lower
contour level, the overall growth rate of the GDOP value in the Y-shaped layout
is larger than that of the T-type. When the GDOP value is less than 5, there
are two parts of the contour line of the same level in the distribution map of the
T-type scheme, indicating that the area with the same positioning accuracy is
larger under the T-shaped layout than the Y-type scheme.

Fig. 10. Proportional distribution of GDOP values in Y-shaped and T-shaped layouts.
(Color figure online)
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Figure 10 shows the GDOP proportional distribution for the two layouts. The
horizontal coordinate represents the range of the GDOP value in the order of 0
to 3, 3 to 5, 5 to 8, 8 to 10, and greater than 10. The blue polyline represents
the proportion of the GDOP value of each point in the three-dimensional space
in the Y-shaped layout, and the red polyline represents the proportion of the
T-shaped layout.

Observing Fig. 10, the ratio of GDOP less than 3 is basically equal in the two
layout distribution schemes, and the proportion of GDOP values in the interval
of 3 to 8 in the T-shaped layout is significantly smaller than that in the Y-shaped
layout, and the proportion of GDOP greater than 10 in the T-shaped layout is
relatively large, reflecting the inferiority of this layout scheme. The GDOP values
of each point in the Y-shaped layout are concentrated in the interval of 3–8, and
the proportion of more than 10 is extremely small, indicating that the pseudo-
satellite system in the Y-model has better positioning performance for the user
receiver in the three-dimensional space.

It can be seen that in the pseudo-satellite independent positioning system
based on the TDOA principle, a better pseudo-satellite layout scheme can sig-
nificantly reduce the value of geometric dilution of precision(GDOP), thereby
achieving more accurate positioning. Different geometric layouts have different
advantages and disadvantages, hence it should be designed according to actual
needs.

6 Analysis for Factors Affecting Positioning Accuracy

This paper makes assumptions based on the conventional pseudolites placement
position height and arrangement spacing, and the four pseudolites positioning
system based on TDOA technology is designed.

Next, the influence of the time measurement accuracy and the pseudolites
position measurement accuracy on the final user receiver positioning accuracy
will be discussed.

Assume that the timie measurement error is increased to 100 ns, the pseudo-
satellite position measurement error is not considered, and the GDOP simulation
of Y-shaped distribution is obtained as shown in Fig. 12.

Assume that the timie measurement error is still 50 ns, increase the pseudolite
position measurement error to 10 m, and obtain the GDOP simulation diagram
of Y-shaped distribution as shown in Fig. 11.

Comparing Figs. 11, 12 with Figs. 6, 7, it can be observed that:

(1) After the time measurement error increases from 50 ns to 100 ns, the GDOP
increases from 3.7 to 3.9 in the range of −40 to 40 m;

(2) When the pseudolite position error is increased to 10 m, the GDOP posi-
tioning accuracy in the same range is increased from 3.7 to 6.8;

(3) The time measurement accuracy and pseudolite position accuracy have a
great influence on the final user receiver positioning accuracy.
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Fig. 11. GDOP contour map after the
time measurement accuracy is changed.

Fig. 12. GDOP contour map after the
pseudolite position measurement accu-
racy is changed.

7 Conclusion

In this paper, an independent pseudolite navigation and positioning system con-
sisting of four pseudolites based on the TDOA principle is proposed in the case
that the GNSS satellite signal is interfered and the satellite constellation visi-
bility is affected. This paper introduces the mathematical principle of TDOA,
deduces the geometric dilution of precision (GDOP) expression of the position-
ing system under the TDOA principle, and analyzes the main factors affecting
the value of GDOP: time difference measurement accuracy, pseudolite position
measurement accuracy and pseudolite geometry layout.

In view of the influence of pseudo-satellite geometric layout on GDOP, two
layout schemes, namely Y-shaped and T-shaped, are proposed in this paper,
and the distribution of GDOP values under each layout scheme is simulated.
After comparing and analyzing the simulation graphs, it is concluded that the Y-
shaped geometric layout can significantly reduce the GDOP value compared with
the T-shaped layout, and different geometric layouts have advantages and disad-
vantages. In the subsequent research process, it is possible to consider selecting
a larger number of pseudolites for the construction of the positioning system
and designing other pseudolite layout schemes to further reduce the positioning
error and improve the positioning performance.
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