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Abstract. Conventional direction finding algorithms for wideband signal need
to preliminarily estimate the Direction of Arrival (DOA) and power of the noise
roughly, and it has large focusing error. In order to solve these problems, a
super-resolution direction finding algorithm for two dimensional (2-D) wide-
band chirp signals is proposed, the Fractional Fourier Transform (FRFT) is
applied to focus the energy of the signals in every frequency by the rotational
characteristic of FRFT, then algorithm for narrowband signals is used to esti-
mate the DOA, computer simulation results prove the effective of the algorithm.
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1 Introduction

Spatial spectrum estimation algorithms are widely used in the fields of radar and mobile
communication, but most of them are only adapt to the narrowband signals, that is the
band of signal is far less than its center frequency, the signal envelope on every sensors
is seem to be the same. But wideband signals are abounding in practical [1], it has been
widely researched in recent years [2–5], one of them is Chirp signal. Generally
speaking, algorithms of wideband signals are divided into two types: one is incoherent
signal subspace method (ISM) [6], the other is coherent signal subspace method
(CSM) [7, 8], the latter can deal with coherent signals, so it is obtained extensive
research, its basic idea is to focus signal spaces of different frequencies to the reference
frequency point, then we can get the covariance matrix of a single frequency, but it
often needs to preliminarily estimate the DOA and power of the noise roughly, and it
has a large focusing error. In this paper, focusing matrix is constructed by method of
FRFT, then we estimate two-dimensional DOA of signals, wherever compare its
performance with TCT algorithm.
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2 Signal Model

FRFT is a special formation of Fourier Transform, it is also related to rotation of the
Wigner distribution of the given signal, it can be written

XPðuÞ ¼ FP½xðtÞ�f g ¼
Z þ1

�1
xðtÞKPðt; uÞdt ð1Þ

where parameter p is called the fractional order of the transform, FP½�� is kernel-based
integral transformation of the form, the transform kernel KPðt; uÞ is

KPðt; uÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�j cos a

2p exp j t2 þ u2
2 ctga� jut cos a

� �q
; a 6¼ np

dðt � uÞ; a ¼ 2np
dðt � uÞ; a ¼ ð2n� 1Þp

8><
>: ð2Þ

As shown in Fig. 1, consider N chirp wideband signals emitted from the far field
impinging on plane array of M sensors (N \ M), arrange of the sensors is arbitrary, the
phase reference point is the origin of coordinate, expression of chirp signals received
by reference point is

s0ðtÞ ¼ exp jp ð2f0t2 þ ktÞ� � ð3Þ

where f0 is the initial frequency and k is the frequency modulation rate, we can obtain
FRFT of the Eq. (2):

Fas0ðuÞ ¼ q exp j
u2ð2k cos a� sin aÞþ 4p f0u� 4p2f 20 sin a

2ð2k sin aþ cos aÞ
� �

ð4Þ
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Fig. 1. Model of the signal.
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where q¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos aþ j sin a
cos aþ 2k sin a

q
, use FRFT on the chirp signals xmðtÞ received by mth sensor,

that is

FaxmðuÞ ¼ Fas0ðuÞ exp j
2ks2m cos a� 4kusm � 4p f0sm cos a

2ðcos aþ 2k sin aÞ
� �

þFaNðuÞ ð5Þ

where sm is the delay time to the reference sensor when the chirp signal arriving at the
mth sensor, and sm ¼ xm cos u cos hþ ym sin u cos h

c , u, h is separately the azimuth and ele-
vation of the two-dimensional signal, c is speed of light, FaN is FRFT of white
Gaussian noise, the array manifold can be reduced from Eq. (4):

aðu; aÞ ¼
exp j

2ks21 cos a� 4kus1 � 4pf0s1 cos a
2ðcos aþ 2k sin aÞ

� �
;

� � � ; exp j
2ks2m cos a� 4kusm � 4pf0sm cos a

2ðcos aþ 2k sin aÞ
� �

8>>><
>>>:

9>>>=
>>>;

T

ð6Þ

so it is affected by the parameters of the chirp signal, output of the array is defined as:

Xðu; aÞ ¼ Aðu; aÞSðu; aÞþNðu; aÞ ð7Þ

where

Sðu; aÞ ¼ s1ðu; aÞ; � � � sNðu; aÞ½ �T ð8Þ

it is the vector of the signal, and

Nðu; aÞ ¼ n1ðu; aÞ; � � � ; nMðu; aÞ½ �T ð9Þ

it is the vector of the noise, then matrix of array manifold in FRFT domain can be
expressed as:

Aðu; aÞ ¼ aðu; a; h1;u1Þ; � � � ; aðu; a; hN ;uNÞ½ � ð10Þ

mathematical expectation of Eq. (4) can be written

E FaXmðuÞFH
aXm

ðuÞ
h i

¼ Fas0ðuÞj j2 þ FaNðuÞj j2 ð11Þ

where E[.] denotes mathematical expectation, and

Fas0ðuÞj j2¼ 1
cos aþ 2p k sin a

				
				 ð12Þ

so we can obtain the FRFT covariance matrix of X

RXðuÞ ¼ E XðuÞXHðuÞ� � ð13Þ
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3 Focusing Energy of the Signals

In order to focus the energy of the signals, we need to estimate their frequencies, from
Eq. (12), we have

ctga ¼ �k ð14Þ

where k is frequency modulation rate of chirp signal, combine Eqs. (6) and (14), we
have

aðu; a; hÞ ¼ exp j ctgas1 þ 2ku sec aþ 2p f0ð Þs1½ �;f � � � ;
exp j ctgasm þ 2ku sec aþ 2p f0ð Þsm½ �gT ð15Þ

steer vectors can be deduced from Eq. (15), it is easer than Eq. (5), computation is
decreased obviously, then spatial spectrum can be obtained by the equation below:

Pðh;uÞ ¼ 1

aHðu; k; h;uÞR�1aðu; k; h;uÞ ð16Þ

When estimating the directions of one signals reflecting from multipath, we only
need to know one modulation rate of them, as they are the same. The algorithm of the
paper has two properties: (1) It does not need to preliminarily estimate DOA and the
power of the noise roughly; (2) It focuses the energy of chirp signal by FRFT, so as to
enhance the signal to noise ratio, the algorithm of the paper is summarized as follows:

Step 1: Determine frequency modulation rate k of chirp signal;
Step 2: Calculate the steer vectors matrix by FRFT;
Step 3: Collect data, form the correlation matrix RXðuÞ by Eq. (13);
Step 4: Evaluate Pðh;/Þ versus h, u with (16).

4 Simulations

In order to verify the validity of the method in this paper and to compare the perfor-
mance with other algorithms, some experiments with matlab are presented, in the
experiment, without loss of generality, we consider an arbitrary plane array of 8 sen-
sors, the coordinates are given by (0,0), (−0.16,0.12), (−0.049,0.086), (−0.22,0.055),
(−0.079,−0.032), (0.065,0.13), (0.08,0.24), (0.037,−0.044), unit is meter. Some Chirp
signals come from the same source, the frequency ranges from 4 GHz to 6 GHz, we
separately use TCT algorithm and method in this paper to estimate DOA, FFT and
FRFT is used in each snapshot to sample the frequency spectrum of the signals at 33
points, and take 100 times snapshots in every frequency.

Simulation 1 Spatial Spectrum
Consider two chirp signals arriving from directions ð56�; 65�Þ, ð66�; 75�Þ, ð74�; 83�Þ
respectively, SNR is 12 dB, Figs. 2 and 3 have shown the spatial spectrum of TCT-
MVDR and algorithm of the paper. As seen from Figs. 2 and 3, by the course of
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focusing in FRFT domain, the spatial spectrum peak of algorithm of the paper is
sharper than that of the TCT-MVDR.

Simulation 2 Precision of This Algorithm
Consider four far-field chirp signals arriving at the sensors from ð35�; 50�Þ, ð45�; 60�Þ,
ð55�; 70�Þ, ð65�; 80�Þ with same power, SNR varies from −5 dB to 15 dB, step size is
1 dB, 600 times Monte-Carlo trials have run for each SNR, the average of them is
regarded as the measure result for this SNR. In order to describe the angle measurement
accuracy, Root Mean Squared Error (RMSE) of two-dimensional angle measurement is
defined as:

RMSE ¼
X4
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð/̂i � /iÞ2 þðĥi � hiÞ2

q
ði ¼ 1; 2; 3; 4Þ ð17Þ

/i and hi(i = 1, 2, 3, 4) are respectively the true values of azimuth and elevation of the
ith signal, /̂i and ĥi are separately the values estimated, Fig. 4 shows the RMSE of two
algorithms versus SNR.

From Fig. 4 it is seen that RMSE of TCT-MVDR is larger than that of algorithm of
the paper, when SNR is higher than 13 dB, RMSE of TCT-MVDR is zero, but that of
algorithm of the paper is zero when SNR is 9 dB.

Simulation 3 Resolution Capability
Consider two signals respectively arriving from directions ð56�; 65�Þ, ð56�; 70�Þ, SNR
is 6 dB, Figs. 5 and 6 have shown the spatial spectrum of TCT-MVDR and algorithm
of the paper. From Figs. 5 and 6 we know when the signals are close, TCT-MVDR can
not distinguish them, but algorithm of the paper can distinguish them at this moment.

Consider two chirp signals arriving at the sensors, in order to be convenient, the
incident angle ð/; hÞ is replaced by #, resolving power boundary is generally defined
that the peak of mean value of angles of two signals is equal to the mean peak value of
two signals for spatial spectrum algorithm, that is

Fig. 2. Spatial spectrum of TCT-MVDR.
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Fig. 3. Spatial spectrum of algorithm of the paper.

Fig. 4. The RMSE of three algorithms versus SNR.

Fig. 5. Resolution capability of TCT-MVDR.
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Pð#mÞ ¼ Ppeak ð18Þ

where #m ¼ ð#1 þ#2Þ=2 is the mean value of two signals; Pð#mÞ is the peak of that;
Ppeak is mean peak value of two signals, and the following equality is satisfied

Ppeak ¼ 1
2
½Pð#1ÞþPð#2Þ� ð19Þ

In the course of searching spectrum peaks, if there is hollow between two spectrum
functions of the signals, namely left of the Eq. (18) is less than the right, it is thought
that the two signals can be resolved; if not, they can not be resolved. Resolution
capability is defined as:

cðDÞ ¼ 1� 2 FðD2Þ
		 		2

1� FðDÞj j2 � 1� FðDÞj j cos½uFðDÞ�2uFðD=2Þ�
n o

ð20Þ

where

FðDÞ ¼ 1
M

XM
i¼1

exp �j
2p
k
ðxi cos /þ yi sin /Þ � ðcos h2� cos h1Þ


 �
ð21Þ

We can know cðDÞ can be defined as the measuring standard of resolution capa-
bility of two incident signals, the size of cðDÞ is represented as degree of concavity
between two spectrum peaks, the larger cðDÞ is, the greater the degree of concavity is,
the more power the resolution capability for two incident signal with space D is.

Consider two signals arriving at the sensors, their azimuths are both 45°, their
elevations are taken 75° as point of symmetry, 600 times Monte-Carlo trials have run
for each D, the average of them is regarded as the measure result for this D, here, we

Fig. 6. Resolution capability of algorithm of the paper.

Two-Dimensional Super-Resolution Direction Finding Algorithm 157



present the simulation result for resolution capability of two algorithms with different
angle spaces, it is shown in Fig. 7.

From Fig. 7 it is seen the resolution capability of algorithm of the paper is better, as
angle space increases, both of them are improving.

5 Conclusion

In this paper, we have used a kind of 2-D DOA estimation algorithm based on FRFT, it
changes DOA estimation for wideband signals to that of narrowband signals, wherever,
the energy of Chirp signal is more concentrative than in time-frequency, the perfor-
mance of precision and resolution capability have been better.
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