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Abstract. Multilevel inverters based on the series connection of H-
bridges are the most modular multilevel inverter family. The use of a
large number of these devices connected in series, controlled by modu-
lation based on the fundamental frequency, allows to obtain an output
voltage of the inverter with low harmonic distortion and low losses in the
inverter. This paper analyses the main characteristics of a fundamental
frequency modulation method applied to multilevel inverters based on
cascaded H-bridges (CHB). Particular emphasis is given to the harmonic
distortion of the output voltage and the range of variation of the ampli-
tude of the fundamental component in static and dynamic conditions. It
is also discussed the implementation of the algorithm in real-time and in
an FPGA platform. Simulation and experimental results are presented
with a different number of H-bridges.

Keywords: Cascaded H-bridge inverters · Multilevel inverters ·
Square-wave modulation · Total harmonic distortion

1 Introduction

Multilevel inverters are electronic power converters that output a voltage wave
with more than two levels. This waveform is more similar to a sine wave than
that generated by a conventional two-level converter, thus presenting a lower
total harmonic distortion. As with any other type of DC/AC converter, the con-
trol of the semiconductors is the means to control the output voltage, either
via modulation index, number of bridges in series or contribution to the total
fundamental component of each individual bridge. In relation to conventional
topologies, the different multilevel topologies allow to reduce some additional less
desirable properties that characterize them such as the reduction of switching
and conduction losses, use of semiconductors of lower controlled power, reduc-
tion of voltage gradients, reduction of common mode voltages as well as overall
reduction of electromagnetic interference. Therefore, input and/or output fil-
ters can be reduced or even eliminated, contributing to the increase of energy
efficiency, [1,2].
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The multilevel converter architectures have some specific properties that
should be emphasized: an increase in the number of controlled semiconductors,
diodes and capacitors, the need for more elaborate semiconductor control and
selection algorithms. In any of the architectures (conventional or multilevel),
the harmonic content of the output voltage is reduced by increasing the switch-
ing frequency; however, either the specific technology of the semiconductors or
the increase in switching losses limits that degree of freedom. The fundamen-
tal concept of the multilevel structure allowed the development of quite distinct
topological alternatives with different expressions in the market, [1].

In this context, there are three main topologies of multilevel converters: with
diode-clamped voltages, intermediate voltages defined by floating capacitors and
single-phase bridges in series. In recent years, the MMC (modular multilevel con-
verter) based on half-bridge or full-bridge has emerged, mainly with applications
in the field of power conditioning in electric power grids and in medium and high
power systems. In any configuration, single-phase and three-phase solutions are
available in the market.

This work studies the configuration based on the series connection of full
single-phase bridges and their single-phase topology. As mentioned above, the
topology is modular and is applicable in medium and high power situations,
being able to control very high voltages and able to define waveforms with very
low total harmonic distortion (THD). This low value is possible since the total
output voltage is obtained from the sum of many individual low-amplitude volt-
ages with quasi-square waveform, i.e. switching at fundamental frequency thus
maintaining very low switching losses, [2].

This paper is organized as follows: Sect. 2 describes and analyzes modula-
tion methods, both high frequency (pulse width modulation) and fundamental
frequency, for inverters in series. In the same section, two command methods
are also analyzed at fundamental frequency with respect to the specific objec-
tives and their ease of implementation in real-time, and one of them is selected
for demonstration. The following Sect. 3 shows simulation results and character-
izes the output voltage waveform (low frequency harmonics and total harmonic
distortion). Section 4 presents experimental results for two inverters: with three
single-phase inverters in series and with five inverters and discusses the main
properties of the control method for a larger number of inverters. Finally, Sect. 5
discusses the main conclusions of the study.

2 Cascaded H-Bridge Inverters

A multilevel inverter with bridges in series consists of several inverters (H-
bridges), as shown in Fig. 1 for the three-phase topology. Each elementary
inverter is powered by an isolated source (or a capacitor) and can set three
voltage levels (−E, 0 and +E) in the output. Thus, in order to obtain a greater
number of levels in the overall output, more than one inverter is required to
be connected in series provided that their individual voltages are not instanta-
neously equal. Thus, the resulting voltage may be more similar to a sine wave.
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If the voltage values of the different sources are equal and if S is the number of
bridges, the number of output voltage levels, NL, is given by (1):

NL = 2S + 1 (1)

Fig. 1. Structure of a three-phase inverter based on series connection of single-phase
full bridges.

If the inverters are fed by voltage sources of different value, a greater number
of levels can be obtained in the global output, [1]. For two inverters, if the DC
voltage values are, for example, E1 = E and E2 = 3E, a 9-level waveform
instead of 5 is obtained (when using the most common E1 = E2 = E). In
principle, a high number of levels would produce a better waveform quality (i.e.
a smaller THD) but, as will be demonstrated later, some important drawbacks
occur in certain applications. Additionally, the semiconductors (T1k, T2k, . . . TSk)
are different and must be designed accordingly, therefore reducing the modularity
of this converter.

The power structure of the inverter with cascaded bridges powered by regu-
lated active power sources has several advantages and some specific aspects that
must be considered within its application, [2]:

– Unlike other multilevel topologies, does not require balancing of DC voltages
that feed the individual inverter

– Does not add diodes or capacitors to set the voltage levels
– Presents high modularity and is easily scalable in voltage and power.

The least favourable aspects identified in this topology are:
– It requires independent voltage sources for each bridge, which restricts the

scope of its application
– Synchronous switching is required on bidirectional AC/DC/AC systems in

order to avoid short circuits between isolated sources.
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2.1 High-Frequency PWM

One of the main components of power losses in an inverter is the switching
losses in the semiconductors which makes the switching frequency an important
variable in the design; its impact should be considered and evaluated when it
comes to defining the switching and modulation method.

For multilevel inverters, PWM-based switching methods are a generalization
of the principle of operation for two-level inverters; multi-carrier PWM, [1,3]. For
single-phase systems, PWM with level shift (LS-PWM) and PWM with phase
shift (PS-PWM) can be used. However, the PS-PWM has a lower harmonic
content, [3,4]. These methods have very good waveform quality (low THD of
the voltage) and high bandwidth, which makes them preferable for low and
medium power applications and high dynamic range. On the other hand, in high
power applications, where switching losses are to be kept low, the fundamental
frequency switching methods have specific advantages.

2.2 Low-Frequency Modulation Methods

Low-frequency modulation methods can be used in inverters with series bridges
because of their specific configuration, [1]. In Fig. 2 the principle of operation of
these methods is shown for an inverter with eleven levels (five bridges), where
θk is the switching angle of the inverter k and E is the value of the DC voltage,
common to all inverters.

The fundamental frequency modulation, or square wave modulation, is imple-
mented to satisfy one of the possible objectives, [5–8]:

Fig. 2. Square-wave modulation: output voltage of three bridges and total output volt-
age when using five bridges.
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– Minimizing the THD of the inverter output voltage
– Elimination of the main low-frequency harmonics of the output voltage, e.g.

third, fifth, seventh, . . .
– THD minimization of the output voltage of the inverter in three-phase sys-

tems (do not account for multiples of three)
– Elimination of the main low-frequency harmonics of the output voltage in

three-phase systems, e.g. fifth, seventh, . . . .

As a first goal, in any method, one must have control of the magnitude of
the fundamental component which is also done from the switching angles.

Analysing the output voltage, van, of a CHB inverter with S bridges, as in
Fig. 2, the Fourier coefficients, Ch, can be obtained as:

Ch =
4E

hπ

S∑

k=1

cos (hθk) (2)

According to the Fourier coefficients and knowing that all harmonics are in
phase with each other, the time evolution of the output voltage is given by

van(t) =
4E

π

∞∑

h=1

{ 1
h

S∑

k=1

cos (hθk) sin (hωt)} (3)

From (2), it can be easily obtained the expression for the peak amplitude of
the fundamental component under controlled modulation index; it is given by
(4):

Van1 =
4E

π

S∑

k=1

cos (θk) (4)

The expressions that relate the switching angles to a specific objective are
obtained from the Fourier series. With five bridges, if it is desired to control the
fundamental component and eliminate the first four odd harmonics, the following
system of equations is obtained:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

cos (θ1) + cos (θ2) + cos (θ3) + cos (θ4) + cos (θ5) = 5ma

cos (3θ1) + cos (3θ2) + cos (3θ3) + cos (3θ4) + cos (3θ5) = 0
cos (5θ1) + cos (5θ2) + cos (5θ3) + cos (5θ4) + cos (5θ5) = 0
cos (7θ1) + cos (7θ2) + cos (7θ3) + cos (7θ4) + cos (7θ5) = 0
cos (9θ1) + cos (9θ2) + cos (9θ3) + cos (9θ4) + cos (9θ5) = 0

(5)

subjected to 0 < θ1 < θ2 < θ3 < θ4 < θ5 < π/2.
For the fundamental component, the amplitude modulation index is defined

as:
ma =

π

4E

Van1

S
(6)
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The system of equations is non-linear and can be solved off-line or in real-
time. In the first case, the system is solved and the results (switching angles) are
stored in memory for use in controlling the various bridges. There are several
numerical methods capable of solving the system of equations, [5,6]: Newton’s
method, method of the resulting polynomials, [4], among others. All of these iter-
ative methods require large computation effort, both at runtime and in memory,
which makes it difficult to implement them in real-time on digital platforms (e.g.,
microcontrollers or digital signal processors). On the other hand, as the number
of levels increases (i.e. number of angles to be calculated), the nonlinearity of the
system increases significantly, requiring much longer processing time. Thus, the
angles are initially calculated for a wide range of modulation indices and stored
in tables for later real-time use.

This procedure is extensible to DC sources of different value or variable in
time in the various inverters, and the tables must contain all input voltage alter-
natives and the entire modulation index range. The size of the tables obviously
depends on the resolution of the modulation index and the interpolation process
defined to obtain the angles associated with intermediate modulation indices.

In the second case, real-time algorithms, several alternative methods are also
available to obtain the switching angles: theory of balancing of the voltage-
time area of the reference voltage in relation to the output voltage, [7]; by the
analytical approximation of the THD expression of the output voltage, [8]. One
of the characteristics common to all methods is that there is no control of the
amplitude of harmonics not eliminated or not considered for minimization; its
value depends on the point of operation and tends to be quite variable.

2.3 THD Minimization

In this work, the method that minimizes THD was selected for analysis and
demonstration, [9]. In fact, the method minimizes (THD)2; it is equivalent and
simpler and exhibits faster procedures. The THD is given by:

THD =

√
∞∑
h=2

V 2
h

V1
(7)

It is difficult to achieve the minimization of THD directly because the numer-
ator of (7) has an infinite number of terms. One solution is to eliminate only a
finite number of harmonics. Generally, one eliminates a few low-order harmon-
ics because they contribute more to THD, namely of the current. In a cascade
multilevel inverter with S H-bridges, only (S − 1) low-order harmonics can be
eliminated, which is done in selective harmonic elimination methods, [5].

In [8], through a deductive process, the minimization of (THD)2 value for S
bridges is defined and an implicit expression is obtained for an auxiliary variable,
ρ, on which all switching angles depend. The procedure, to run in real-time, uses
the following two steps:
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1. Determine ρ by solving the equation:

0 =
S∑

k=1

√

1 −
(

k − 1/2
S − 1/2

ρ

)2

− maS (8)

2. Determine the switching angles by evaluating

θk = arcsin
(

k − 1/2
S − 1/2

ρ

)
, k = 1, 2, . . . , S. (9)

From the different possible alternatives it was used the method of Newton
due to require a very low number of iterations to determine ρ and a numerically
efficient coding thus allowing the operation in real-time.

The factors that determine the speed of convergence of the method are: the
initial angle, the evolution of the function (8) and its derivative around the
solution. The limits where there is no solution for either ma or S are easily
determined from the analysis of (8): for S = 3, ma must be greater than 0.6;
for S = 5, ma must be greater than 0.72. Restriction of the range of ma as S
increases may be a major drawback depending on the type of application.

3 Voltage Range and Distortion

Any inverter must be able to control both the fundamental component of the
output voltage and its frequency. Frequency variation is an easy goal to meet;
depends on the phase variation of an alternating quantity and is independent of
the amplitude variation. Amplitude variation in both static and dynamic terms
requires other procedures. According to the foregoing, the limits of the range
of the fundamental component of the output voltage are a characteristic of the
modulation method and the number of inverter bridges.

3.1 Switching Angles Dynamics

In this work, an inverter with different numbers of H-bridge was simulated. The
first step was the validation of the real-time characteristics of the modulation
method in the simulation environment using a fundamental frequency of 50 Hz
and with E = 50 V for three and seven bridges and E = 40 V for five bridges.
With three, five and seven H-bridges the control algorithm was tested in two
conditions: slow and fast variation of the modulation index. For three bridges, ma

varies between 0.67 and 0.98 in 40 ms (slow variation) and 2 ms (fast variation)
as shown in Fig. 3. The same conditions were used to test the algorithm with
five and seven bridges: amplitude variation from ma = 0.73 to 0.98 in 40 ms
(slow variation) and 2 ms (fast variation), and from ma = 0.98 to 0.73 in 2 ms,
as shown in Fig. 4, for five bridges, and from ma = 0.76 to 0.98 in 40 ms and
2 ms, and from ma = 0.98 to 0.73 in 2 ms, as shown in Fig. 5, for seven bridges.
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The analysis of the three sets of results allows to conclude that the switch-
ing angles are updated almost instantaneously after four cycles of the itera-
tive process. The maximum number of iterations depends on the utilized soft-
ware/hardware platform and is discussed in the implementation and results
section.

Fig. 3. Output voltage and switching angles for slow and fast changes of the modulation
index with three H-bridges. (Van: 100 V/div; Thetai: 20 degrees/div).

Fig. 4. Output voltage and switching angles for slow and fast changes of the modulation
index with five H-bridges. (Van: 100 V/div; Thetai: 20 degrees/div).

A detail of Fig. 4, dynamic variation of the modulation index for five H-
bridges, with ma increasing from 0.73 to 0.98 in 100 ms, is presented in Fig. 6.

The modulation method does not eliminate specific harmonics, but minimizes
the voltage THD. Thus, it is important to verify the evolution of low-frequency
harmonics, which contribute the most to distorting the output current in loads
with inductive characteristics.
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Fig. 5. Output voltage and switching angles for slow and fast changes of the modulation
index with seven H-bridges. (Van: 200 V/div; Thetai: 20 degrees/div).

Fig. 6. Increasing modulation index with five bridges (50 V/div; 10 ms/div).

In this subsection it is focused only the five bridge inverter; the other configu-
rations have the same qualitative behaviour and the differences will be discussed
later.

Figure 7 shows the evolution of the amplitude of all odd harmonics multiples
of 3 up to the 15th, in function of the modulation index; these harmonics are
cancelled in a three-phase system. Figure 8 is similar to Fig. 7 but represents
only harmonics non-multiples of 3 up to the 19th.

The output voltage THD, with and without harmonics multiples of three,
is shown in Fig. 9 and clearly demonstrates the influence of the low-frequency
harmonics, mainly the third, fifth and seventh.

The steady-state single-phase voltage is demonstrated in the next figures.
For three bridges, it is shown in Fig. 10, for E = 50 V, ma = 0.75 and f =
50 Hz; also presented is the voltage spectrum, showing the residual low-frequency
components characterizing the method; THD is ≈15%. The topology considering
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Fig. 7. Odd harmonics multiples of three for five H-bridges.

Fig. 8. Odd harmonics non-multiples of three for five H-bridges.

Fig. 9. THD of the output voltage for five H-bridges, with and without the triple
harmonics.
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five bridges was also simulated and the steady-state single-phase voltage is shown
in Fig. 11, now with E = 40 V, ma = 0.8 and f = 50 Hz. THD is ≈7.5%, much
smaller than the one with three bridges. Finally, the seven bridges inverter is
shown in Fig. 12, now with E = 50 V, ma = 0.83 and f = 50 Hz; the THD is ≈6%,
the smallest one. More comparative results, for the whole range of modulation
index, will be shown later, in Figs. 19 and 20.

Fig. 10. Inverter output voltage with three H-bridges (100 V/div; 5 ms/div) and har-
monic spectrum (10 dB/div; 125 Hz/div).

The method works well for a restricted range of modulation index values,
not converging for other (smaller) values of ma. On the other hand, in the upper
range of modulation index values (e.g. greater than 0.87 for THD <10%, see
Fig. 9) the THD value is quite high which may make it not feasible to use. It is
therefore necessary to evaluate the range of operation of the inverter in terms of
the amplitude of the fundamental component knowing that it decreases as the
number of bridges constituting it increases.

4 Implementation and Results

A FGPA board, which incorporates a soft processor and peripheral analogue
and digital I/O, was used to implement the complete process of calculating the
switching angles for the inverters and transferring them to dedicated timers. The
prototype of the developed CHB inverter has five bridges, each powered by an
isolated DC voltage source of 40 V (experiments with three bridges were done
using a DC voltage level of 50 V). The presented experimental results are focused
on the characterization of the modulation method for a different number of levels.
The features to be analysed are, as mentioned above, low order harmonics, THD
and real-time dynamics.
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Fig. 11. Inverter output voltage with five H-bridges(100 V/div; 5 ms/div) and harmonic
spectrum (10 dB/div; 125 Hz/div).

Fig. 12. Inverter output voltage with seven H-bridges (200 V/div; 5 ms/div) and har-
monic spectrum (10 dB/div; 125 Hz/div).

4.1 Low-Frequency Harmonics and THD

The amplitude of the low-frequency harmonics, which is variable as a function of
the modulation index, is shown in Figs. 13 and 14. The comparison with Figs. 7
and 8 (in the simulation environment) demonstrates the correct implementation
of the command method.

The total harmonic distortion, shown in Fig. 15, has an absolute minimum
value for small modulation indices and, as already obtained in simulation,
increases rapidly for high modulation indices. The result has a good agreement
with that obtained by simulation in Fig. 9.
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Fig. 13. Odd harmonics multiples of three for five H-bridges (experimental).

Fig. 14. Odd harmonics non-multiples of three for five H-bridges (experimental).

Fig. 15. THD of the output voltage for five H-bridges (experimental).
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4.2 Voltage Dynamics

As an illustration of the variation of the modulation index, Fig. 16 shows the
evolution of the output voltage when ma changes from 0.73 to 0.98 in 100 ms.

Fig. 16. Experimental dynamic variation of the modulation index.

The steady-state output voltage of the three-bridge inverter is shown in
Fig. 17, using the same conditions as in Fig. (Vdc, ma and f) and one can verify
a high degree of similarity between the experimental and simulated results.

Fig. 17. Experimental output voltage and harmonic spectrum for three bridges.

In Fig. 18, for five bridges, is shown the steady-state AC voltage using E = 40
V, ma = 0.8, with f = 50 Hz. It is also presented the harmonic spectrum of the
voltage.
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Fig. 18. Experimental output voltage and harmonic spectrum for five bridges.

As expected from the simulations, the spectrum is a widespread one, showing
low-frequency components. The results in Figs. 17 and 18 compare with the ones
in Figs. 10 and 11, respectively, and they are quite similar.

4.3 Discussion

For a global characterization, the method was simulated with three, five and
seven bridges and was experimentally validated with three and five bridges.
With respect to the fundamental component, the range of variation of ma is
reduced with the increase of the number of bridges. It is also found that the
limits of the range of modulation indices in which a relatively small THD occurs
are reduced as the number of bridges increases.

In any configuration, the THD is high for high modulation indices. In this
region, however, the voltage waveform is close to a square wave which is not
desirable in any application. These conclusions are documented in Figs. 19 and
20. Generally, there is a contradiction with the high number of degrees of freedom
in the inverter control (the switching angles).

There are other methods also with real-time capability that do not minimize
THD, as the one developed in [10].

When compared to the expected dynamics at the output of a current con-
troller, the analysed method provides sufficiently rapid changes in amplitude and
phase although within a relatively small range. It thus enables effective control
of a power converter provided that the variations occur in the vicinity of a given
reference to the voltage output. Two classes of applications can therefore be
distinguished: those relating to drives, where the frequency variation implies a
wide variation of modulation indices, and those relating to applications where
the converter is connected to the electric network, where the method operates
with good characteristics.

The concept that supports the method is applicable to any number of bridges
but the available range of variation of the fundamental component is decreasing.
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Fig. 19. THD of the output voltage for three, five and seven H-bridges (simulation).

Fig. 20. THD of the output voltage for 3 and five H-bridges (experimental).

The question arises as to what is the number of bridges of an inverter from which
it is no longer possible to apply it in converters connected to the electric grid.

5 Conclusion

The method described and implemented to determine the switching angles of
each individual H-bridge requires a reduced number of iterations. Therefore, it
can be easily implemented in a real-time control board, such as uP/DSP/FPGA.
The experimental analysis of the characteristics of the method allows to conclude
that it is compatible with the interface of power electronic converters with the
electric network. The method can be applied to a larger number of H-bridges (7,
9, . . . ) with similar characteristics.
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