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ABSTRACT

We study M;/M,/N/N+R queue and obtain stability bounds
for main characteristics of the respective queue-length pro-
cess.
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1. INTRODUCTION

Nonstationary Erlang loss queueing model has been stud-
ied in some recent papers, see [2,3,9]. Here we consider the
simplest generalization of this model, namely we study non-
stationary Markovian queue with N servers and R > 0 wait-
ing rooms and obtain the stability bounds for some charac-
teristics of this queue. There is a number of investigations of
stability for nonstationary continuous-time Markov chains,
see for instance first results in [6], and more detail studies for
birth and death processes (BDPs) in [1,7]. Here we apply our
general approach and the idea of paper [5] and prove some
simple stability bounds for nonstationary M;/M;/N/N + R
queue.

Let X = X (t), t > 0 be queue-length process for
M;/M;/N/N + R queue. This is a BDP on state space
Eni+r={0,1..., N+ R} and birth and death rates \,(t) =
A(t), pn(t) = min (n, N) u(t) respectively. We suppose that
arrival and service intensities A(¢) and p(t) are locally inte-
grable on [0,00). Let p;(t) = Pr{X(¢) =i} be state prob-
abilities of X (t), and p(t) = (po(t),...,pnv+r(t))T be the
respective column vector.

Then we can write the forward Kolmogorov system
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9o — —\(t)po + p(t)p1,
e = MNt)pr-1 = (A1) + kpa(1)) pi+
(k+1Dpt)prs1, 1 <k <N -1, ()
e — ANt)pr-1 — (A1) + Npu(t)) prt
Nu(®)pr+1, N <k <N + R,
EXER — \(O)pNtr1 — Nu(t)pn+r

in the following form:

dp
= = >

where A(t) = {a;;(t), t > 0} is the transposed intensity ma-
trix of the process, and

At), it =i,

_ min (i + 1, N) u (¢), if j=1+4+1,
@M= C )+ min (N (), i =i,
0, overwise.

®3)

We denote throughout the paper by || e | the li-norm,
ie. |Ix|| = X |zi|, for x = (zo,...,zn+r)” and ||B| =
max; 3, [bij| for B = (bij); ;5.

Let @ = {x: x>0, ||x]] =1} be a set of all stochastic
vectors.

Let Ex(t) = E{X(t)|X(0) = k} be the mean of the pro-
cess at the moment ¢ under initial condition X (0) = k, and
Ep(t) be the mathematical expectation (the mean) at the
moment ¢ under initial probability distribution p(0) = p.

Consider also a ”perturbed” queue-length process X =
X (t), t > 0 with general structure of intensity matrix A(t).
Namely, X (¢) is not BDP in general. Put A(t) = A(t)—A(t).
We assume that the perturbations are uniformly small, i.e.
|A(®)|l < e for almost all ¢ > 0.

2. GENERAL STABILITY BOUNDS

Let X (t) be a general BDP with finite state space En4+r =
{0,1...,N +R}.
Let di,...,dn+r be positive numbers. Put

1<k<N+R,

dy.
T He—1 (1),

(4)

where do = dN+R+1 =0.

Denote G = ZEV:_‘;R d;, d= min1§i§N+R d;.



THEOREM 1. Let there exist a positive sequence {d;} and
a positive number 0 such that

ai(t)y>6, i=1,2,....N+R, t>0. (5)
Then the following stability bounds hold:

o A€
s < SLEE) )

limsup ||p(¢t) —

t—oo

and

lim sup |Ep(t) — E}—,(t)| <

t—oo

(N+R)5(91+10g%)7 (7)

for arbitrary initial probability distributions p(0) and p(0)
for X (t) and X (t) respectively.

Proof. Firstly we obtaln the bounds on the rate of con-
vergence. The property St o B pi(t) = 1 for any ¢t > 0 allows
to put po(t) =1 — >, pi(t), then we obtain the following
system from (2) B

=B t)+f 8
“) = B)a(t) + £(t) (8)
where z(t) = (p1(8),...,pv4r(6) 7 £() = (Mo (8),0,...,0)7,
and B = (by); 1 =
—(Ao + A1+ p1) (k2 — Xo) -0 )
A1 —(Xg + u2) 13 0
0 A2 — (A3 + 13) s 0
0 : : *N+Ié—1 —#&+R
9)

Then we have
z(t) = / V(t, 2)f(z)dz, (10)

where V (¢, z) is a Cauchy matrix for equation (8).
Consider now the triangular matrix

di di di - di
0 do do --- da
p—| 0 0 d - dy | (11)
0 0 0 0 dyir
and the respective norms ||x|ip = ||Dx||, and ||B|ip =

|IDBD™Y.
We have DB(t)D™! =

d
= (Ao + #1) Eg! 0
d
ﬁ>q — (A1 +p2) 0
0 j—;’kz E 0
0 e 0
AN+R-1
dNYtR KN4+ R—1
N+R
0 NER 5 —-(x 1+
ANyRr_1 N+R-1 AN+R—1 T EN+R)

(12)
and the following bound of the logarithmic norm v (B(t)) in
1D—norm holds (see for instance [3,4,8,9]):

3 (B)yp = max (00 + a0~
ims () + pslt)) = max (—as () < 0, (13)

435

in accordance with (5). Therefore the following inequality
holds:

12" (t) = 2" (t)llp < e 2" (s) =2 (s)lip,  (14)
for any initial conditions z*(s), z**(s) and any s,t,0 < s < t.

Then we obtain the following bound in 'natural’ norm:

Ip"(5) = p™* (1)]] < 2f2" (1) — 2" (1)]| =
2[D7'D (& (1) ~ 2" (1) || <
4 * 3k
Sl @) == @)l <
4 — —s * * %
2¢ e — 2" @)ho < (15)
4G — —s * ok
e () — 2 (s <
4G 8G _g(i—s)

eI p(s)

for any initial conditions p*(s) , p**(s) and any s,t, 0 <
s <t.

P (s)] < Vi )

Consider now the forward Kolmogorov system for per-
turbed process:

P _ Awpw) (16)

Here we slightly modify the approach of paper [5]. Put

B(t,s) = sup|y=1,5 v,=0 U V] =
g maxi; . |pir(t, s) — pjr(t, s)|,
)s

)
s)is Cauchy matrix of equation (2

(17)

[

where U (¢, and pik(t, ) =
Pr{X(t) =k|X(s) =1i}.
Then
lp(t) =Bl < B(L, s)[[p(s) H+/ [ A(w)|18(u, s)du
(18)
Moreover, the following estimates hold:
ce*b(tfs)
B(t7 )Sl B(LS)S?a OSSStv (19)
where ¢ = %, b=26.
Finally we have
Ip(t) —p(®)[| <

Ip(s) —B(s)|| + (t—s)e, 0<t<b 'logg,
VJ&%§+1—Cemt”k+@€4“ﬂwp@)—ﬁ@m,
t>bt log 5
(20)
for any initial conditions p(s) and p(s). Hence for s = 0

and t — oo we obtain (6).
The second bound (7) follows from the inequality

|Bp(t) — Zk\pk O] < (N+R)[[p(t)-p@)]-

COROLLARY 1. Let A(t) and w(t) be I-periodic. Let (in-
stead of (5)) there exist a positive sequence {d;} and a pos-
itive number ¢ such that

ai(t) > ¢(t), i=1,2,.. ,N+RO<t<1,  (21)



where
1
[ ewar=y (22)
0
Let
t
K = sup /@(T) dr < 0. (23)
[t—s|<1
Then we have the following stability bounds:
€ <1 + log %)
limsup |p(t) - PO € ————,  (24)
and
~ (N-i—R)E(l—i—log&)
limsup |Ep(t) — Ep(t)| < o , (25)
t—oo

for arbitrary initial probability distributions p(0) and p(0)
for X (t) and X (t) respectively.

Proof. The statement follows from inequality e~/ <) du <
o=@ (t=s)

We can use another approach to bounding the rate of con-
vergence in 'natural’ norm, namely, in the final part of (16)
we have

[2"(s) =2 (s) o < Ip"(s) =" (s)[lip- (26)
Put s =0, p*(0) = w(0), p**(0) = p(0) = eo, where 7(t) is
1-periodic. Then we obtain ||7(0)||1p < limsup,_, . ||7(¢)|1p
and

<
1D

I @®lp < [V (¢ 0)m(0)] 1 + H | venter

t .
<X (0)]l1p + Ma / e It e du g (97
0

t
< K n(O)lhp + Mre® [ e Tar,
0

where e~ Jo #(Wdu < K e=¢7t 4nq Ao(t) < M for almost all
t > 0. Then

limsup ||7(¢)|lip < (28)
t—oo

*

Therefore in (19) and (20) we have ¢ = 4612;7341, b=
@
and choosing p(0) = 7(0), we obtain the following state-

ment.

COROLLARY 2. Let Ao(t) < My for almost allt > 0, and
let the assumptions of Corollary 1 be fulfilled. Then the fol-
lowing bounds hold:

(1 + log Ml)

p(t)| < ,
@l >

limsup ||p(t) — (29)
t—oo

and

lim sup !Ep(t) — Ef,(t)} < W <1;10g 1> .

(30)
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Now we consider essentially another approach.
Denote

VVzminﬁ7

i>1 4

(31)

m = max —
li—j|= 1d

THEOREM 2. Let the assumptions of Corollary 2 be ful-
filled. Then the following stability bound holds:

lim sup ‘Ep(t) — Ep(t)‘ < (32)
t—oo
2K ge1tm)e MieX  dy
—( (1 — .
W (( tm) - 2)
Proof. Rewrite system (8) in the following form:
dz _ - . A
7 = BWz() + £(t) + B(t)=(t) + f (1), (33)

where B(t) = B(t) — B(t), f(t) = f(t) — f(1).

Then in any norm the following bound holds:

l2(t) —z(8)]| < /Ot V&, DIAB@ Nz + 1@ dr,

(34)
if the initial conditions z(0) = z(0) are the same.
We have
1B(®)l1o || ( ) “h S (35)
max,, (%(1 + d;:l) ) <(

Therefore
YB#)1p <v(DBE)D )1+ [|Bt)|ip < —¢(t) + (1+m)

On the other hand 1-periodicity of z(t) and n(t) implies
the inequality [|z(t)[|1p < [|7(¢)]l1p < limsup, . [[7(*)[lip,
and we can apply bound (28).

Moreover,

lzlie = Zk21 klpk| = Zk21 didk|pk| <
k
w-! > kst delpe| = wt 2k dr ‘zzzk Pi = 2 iskp1 Pi

e.(36)

w! Zk21 di, (‘Zzzk pi| + ‘Zizlﬂ—l pi ) <
2 o1 e [Sisepi| < Flaln.
(37)
Note that || f(t)[|1p = %=.
Hence we have
|Eo(t) = Ep(t)] < |l2(t) — 2(t)ll, 5 < v I2(t) = 2(t)]1p <

T (14 m

(1+m)€ K
< 2R () Mt 1 ).

g) Jiem [He()=(14m)e) du g <

(38)

3. BOUNDS FOR THE QUEUE-LENGTH PRO-
CESS

Let now X () be a queue-length process for My /M;/N/N+
R queue. Then we have

L - 1o,

Bty o) -

ak(t) = dk

A(t) + kp(t) —



if 1 <k<N,and

dr—1

an(t) = A(t) + Nu(t) — 1) — L=

dy

Nu(t),
if N<k<N+R.
First case, large service rate.
Let firstly there exist > 1 such that
Nu(t) —IX(t) > w >0, (39)
for almost all ¢ > 0. Put di =1, d’;l—":l =1, k<N -2, and

el 1> N - 1.

dy
Then
u(t), k<N-1
a (t): N(t)_(l_l)A(t% k=N-—1;
k (1—1) (Nu@)—Ix(®t), N<k<N+R-1;
Nu@®) (1-3)+x(@®), k=N+R.
(40)
Suppose [ < %, hence

o () =minaw ()= (1= ) (V@ - @). @)

PROPOSITION 1. Let (39) be satisfied. Then stability es-
timates (6) and (7) hold, where 6 = (1 — 1)w, d =1 and
G=N-1+yH

PROPOSITION 2. Let arrival and service rates A(t) and
u(t) be 1-periodic. Let (instead of (39)) there exist ¢ such
that

1
/ (N (t) —IN(8) dt > ¢ > 0. (42)
0

Then bounds (24) and (25) hold, where o* = (1—1)(,
land G=N -1+

d=

. N
Suppose now | > .

PROPOSITION 3. Let arrival and service rates A(t) and

w(t) be 1-periodic, A\(t) < M for almost all t € [0,1]. Let
there exist [ > 1 such that

1 t
minay, = i (t),/ pw)dt>9>0,K = / pu(T)dr.
k 0 lt—sj<1Js

sup
(43)
Then the following bounds hold:

€ (1 + log QEMTMl>
lim sup [[p(t) = p(1)] < " ; (44)
lim sup ’Ep (t) — Ep(t)| < (45)

t—oo
VK (14De K
2e(N —1)ete (1+Z)Mle +1 .
¥ Y 2
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Proof. Bound (44) follows from Corollary 2 for d = 1 and
¢* = 1. Bound (45) follows from Theorem 2 for d = 1,
@*:w,m:landW:ﬁ.

Second case, large arrival rate.

Let firstly for some [ < 1 the following inequality holds:

INt) = Nu(t) >w >0 (46)
Put £ = |, k> 1. Then
(1 =1) (IX(t) = kp (t) + pu(t), k<N —1;
ay (t) = (7 =1) (X(t) = Nu(t), N<kE<N+R-1,
At)=N (3 -1)p(@), k=N+R
(47)

p(0) =minaw ()= (1 ~1) (A0 - Nu(). (@9

PROPOSITION 4. Let (46) be fulfilled. Then stability es-
timates (6) and (7) hold, where 6 = (+ — )w, d=1"1#
and G < N + R.

PROPOSITION 5. Let now A(t) and u(t) be 1-periodic. Let
for some positive

1
/ (IA(E) — Nu (D) dt > ¢ > 0. (49)
0
Then the following stability bounds hold:
€ (1 + log 74ETJ$JI$R))
limsup [[p(t) — p(¢)[| < : , (50)
t—oo (7 -1)¢

and

(N + R)e <1 + log %)
limsup |y (t) — Bp(t)] < :

(51)

4. EXAMPLES

EXAMPLE 1. Let A(t) = 9+sin 27t,
100, R=10°, e=10"°.

The assumptions of Proposition 8 are fulfilled for | = 2.
Then M, = 10, K = 1—|—%7 ¥ = 1 and we have the
following stability bounds:

wu(t) = 1+cos2mt, N =

limsup ||p(¢) — p(t)|| < 6.632-10~° (52)
t—oo
and
limsup | Ep(t) — E5(t)| < 0.084. (53)

t—oo

Hence we can apply the approach of [8] and find the limit

characteristics approrimately with the same error € as the
respective characteristics of truncated process with m = 146
and t € [21.0,22.0]. The corresponding graphs are shown in
Figures 1-2.
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Figure 1: Approximation of the limiting mean Ej(t).
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Figure 2: Approximation of the limit behavior of
Jo(t) =Pr (X(t) =0).

EXAMPLE 2. Let A(t) = 250 + 200sin2nt, p(t) = 1 +
cos2rt, N =100, R =10% e=107°.

Then the assumptions of Proposition 5 are satisfied for
I =1 We have [} (IN(t) — Nu(t))dt = 25, My = 450,
K =100+ %, 1 = 1. Hence the following stability bounds
hold:

limsup ||p(t) — p(t)]| < 2.807-107%, (54)
t—oo
limsup | Ep (t) — Ep(t)| < 2.836. (55)

t—o0
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