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ABSTRACT
D-optimal and other model-based experimental designs, like
the Query by Committee criterion, are often criticised be-
cause of their dependency to the statistical model and the
lack of the explicit allocation of the identified irregularities
of the assumed model. Furthermore, D-optimal experimen-
tal designs tend to weight the boundary area of the exper-
imental space significantly. In extreme cases the boundary
points of the experimental space are the experimental candi-
dates. In order to defuse this critique a new online Bayesian
design for the nonlinear dynamic system identification is in-
troduced, which serves the flexibility and which is concur-
rently more resistant against the bias caused by the model.
An advantage of this approach is also the small modification
of the D-optimal design to increase the independency of the
D-optimal design to the chosen model approach.
This contribution includes the presentation of different meth-
ods for the Design of Experiments for nonlinear dynamic sys-
tem identification. Therefore, model-free and model-based
based experimental designs are introduced and the new on-
line Bayesian design for nonlinear dynamic system identifi-
cation is represented. The presented design plans are appro-
priate to identify the dynamics of combustion engines, can
be used to identify the parameters of both analytical and
simulation models and are evaluated by simulations.

Categories and Subject Descriptors
G.3 [Probability and Statistics]: Experimental design
; I.6 [Simulation and Modeling]: Model Development

General Terms
Measurement, Performance, Design, Experimentation

Keywords
nonlinear dynamic system identification, Fischer Informa-
tion, Design of Experiments, online Design of Experiments,
D-optimal design, Bayesian design
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1. INTRODUCTION
The automotive industry is, based on the sales, the most

important industry section in Germany and other countries
([1]). Because of many various boundary conditions, like
CO2 and fuel reduction, the calibration of the engine con-
trol unit is growing up for the development of the whole
system automotive. Traditional methods fail because of the
increasing complexity and the huge measurement effort.
Therefore, the statistic Design of Experiments (DoE) gains
clearly in importance in engine development. The applica-
tion area of the statistic DoE for modeling and systematic
optimization in engine development goes way beyond the
classic quality tasks and is applied to almost every steps of
development. The goal is to achieve statistical verified re-
sults with low costs. In order to achieve this goal and to
reduce the huge measurement effort the real dynamic sys-
tems are reprocuced by parametric models, whose parame-
ters are estimated on the basis of measured data. The DoE,
which determines the distribution of the measuring points, is
therefore of vital importance for the quality of the identified
model. Only a data set, which contains enough informa-
tion about the system, allows an accurate estimation of the
parameters and the identification of a good model. So the
target of the DoE is to cover the connections between target
and influence factors systematically and to achieve a maxi-
mum of information of the system with as few experiments
as possible. The design plans can also be used to identify
the parameters of both analytical and simulation models and
they are divided into model-free and model-basedDoE. The
model-based designs are dependent on the used model and
the D-optimal designs ([8]) are the most popular ones. But
these are often criticized because of their dependency to the
statistical model and the lack of the explicit allocation of the
identified irregularities. The main target of this contribu-
tion is the introduction and presentation of the new online
Bayesian design, which is a modification of the D-optimal
design and compensates the mentioned disadvantages.
This contribution is organized as follows. The second sec-
tion contains the various design plans. First model-free de-
signs and then model-based DoE are presented. Thus, a
mathematical derivation of the Fischer Information Matrix
is introduced, which plays an important role in the sub-
sequent presented D-optimal design and in the new online
Bayesian design. In the fourth section the previously in-
troduced experimental desings are evaluated by simulations
and a summary of all advantages of the Bayesian Design
of Experiments for nonlinear dynamic system identification
and an outlook in future projects conclude the contribution.



2. DESIGN OF EXPERIMENTS
An important question is how the measuring points should

be distributed efficiently in the experimental space. The
answer to this question is provided by the Design of Ex-
periments. The goal is to identify the connections between
target and influence factors systematically with as few ex-
periments as possible. This means to achieve the maximum
of information of the system under investigation with every
measurement.
The kind of DoE determines the distribution of the points in
the experimental space and various design methods can be
found for example in [6], [7], [13] and [15]. At first model-free
and then online model-based designs are presented, where
the Bayesian design is new for the dynamic system identifi-
cation and will be further examined.

2.1 Model-free Design of Experiments
In the practice it is not possible or it takes too many time

to calculate any derivatives or covariance matrices from sim-
ulation models of technical design problems and so model-
free Design of Experiments are very important in this con-
text.
Model-free Design of Experiments do not care about the
used model structure and try to cover the input space as
equal as possible (space filling designs). The minimal dis-
tance is usually maximized, alternative strategies can be
found in [11] for example. Thus, it can be guaranteed that
informations about all areas of the input space are available.
The most popular space filling designs are the random, the
Latin Hypercube distribution ([5]) and the distance-based
criteria, especially the S-optimal design ([9]).

2.1.1 The Random Design of Experiments
As the name implies, random experimental designs involve

randomly assigning experimental conditions. This type of
experimental design is surprisingly powerful and often re-
sults in a high probability to create a good design. Random
designs typically work well for large systems with many vari-
ables, 50 or more. There should be few interactions between
the variables and very few variables that contribute signif-
icantly. Random design does not work very well with rela-
tively smaller systems.

Figure 1: Representation of the random distribution
of the design points.

The traditional random method gives only an ensemble of
random numbers without any uniformly distribution in the

input space (see Figure 1).

2.1.2 The Latin Hypercube Design
In this schema only one sampling point is in every column

and row of a grid. For this purpose one sampling position is
placed randomly in every cell along the grid diagonal. After
this the rows of the grid are changed in that way, that a
chosen criteria, like the maximizing of the minimal distance
of the points, is fulfilled:

Figure 2: Representation of the maxmin Latin-
Hypercube-Distribution for the choice of the design
points.

The Latin Hypercube design makes sure that the ensem-
ble of random numbers represents the real oscillations and
the points are distributed well in the input space.

2.1.3 Distance-based Criteria
The distance-based criteria are based on the distance d(x,A)

from a point x in the p-dimensional Euclidean space R
p to

a set A ⊂ R
p. This distance is defined as follows:

d(x,A) = min
y∈A

‖x− y‖ ,

where ‖x− y‖ is the usual p-dimensional Euclidean distance:

‖x− y‖ =
√

(x1 − y1)2 + ...+ (xp − yp)2.

S-optimality seeks to maximize the harmonic mean dis-
tance from each design point to all the other points in the
design:

max
y∈C

ND∑
y∈D 1

d(y,D−y)

,

where C is the set of candidate points and D is the set
of design points. For an S-optimal design, the distances
d(y,D− y) are large, so the points are as spread out as pos-
sible. Since the S-optimality criterion depends only on the
distances between design points, it is usually easier to com-
pute and optimize than other distance-based criteria, like
the U-optimal one, which depends on the distances between
all pairs of candidate points.
An interesting approach is also the combination between the
Latin Hypercube and the S-optimal design. Therefore, the
rows of the Latin Hypercube grid are changed in that way,
that the harmonic mean distance from each design point to
all the other points in the design is maximized.

2.2 Model-based Design of Experiments
If the derivatives and the covariance matrix of the analyt-

ical or simulation model can be calculated, it is more useful
to use model-based Design of Experiments.
Model-based Design of Experiments are aimed at the destri-
bution of the design points in the input space that the model



parameter estimation is as insensitive as possible against the
measurement noise. In contrast to the model-free DoE the
model-based designs are more powerful and create a near
optimal design. For this reason these designs are discussed
more precisely than the model-free designs. In the following
the Query by Committee ([12]) and the D-optimal design
([8]) are introduced and a new Bayesian design for the non-
linear dynamic system identification is presented.

2.2.1 Query by Committee (QBC)
The Query by Committee (QBC) is an online Design of

Experiments method and is based on a nonlinear model
g(u) = g(u, θ), on which an optimized parameter vector θ̂
was estimated on the basis of measuring datas (U, Y ) =
(ui, yi)

K
i=1. Now you are looking for a procedure to deter-

mine K more measuring points in the input space on the
basis of the candidate set. For the evaluation of the candi-
dates a query criterion qqbc is defined, which is a measure of
the expected information content if one or more candidates
are chosed. The next measuring points must be chosen in
that way that the qqbc achieves its maximum. Thus an op-
timization problem must be calculated again.
An important query criterion is the variance of the model in
one point:

q : U → R
+ with qqbc(u) = var(g(u, θ̂)).

It is not simple to calculate the variance of some models and
so instead of only one model a model committee {gi(u)} of
N models is used, then the output of the committee in one
point u ∈ U is usually the mean of the weighted outputs of
the committee candidates.

g(u) =
1

N

N∑
i=1

wigi(u),

where wi stands for the weighting of model i. The uncer-
tainty of the committee can be quantified through the non-
conformity or the dissence of the committee:

var(g(u)) =
1

N − 1

N∑
i=1

(gi(u)− g(u))2.

u1 is calculated on the basis of qqbc and every new measuring
point uj through the maximization of

qqbc(u) = var(g(u)).

The variance of the committee reflects the model uncer-
tainty. The expected information content by means of a
measurement is more higher the higher the variance is. This
criterion has many good properties, which can be advanta-
geous:

• It is suitable for the consideration and integration in
a query criterion of different network architectures or
model types, which means different linear and nonlin-
ear models.

• An evaluation requieres less effort if the model com-
mittee is available.

2.2.2 D-optimal design
Beside the Query by Committee the D-optimal design is

also a powerful design. To estimate the variance of a parame-
ter estimation of any parametric model the Fischer Informa-
tion Matrix can be used. The D-optimal and the following
Bayesian design are based on the Fischer Information (FI)
and therefore it is explained in this section (see also [14]).

The Fischer Information

The Fischer Information describes the information content
of a random variable x at the parameter θ from which the
Likelihood-function L(θ) = p(x, θ) is dependent

FI(θ) = E

[
∂ ln p(x, θ)2

∂θ

]
.

For an unbiased estimator θ̂(x) it applies:

E[θ̂(x)− θ] =

∫
[θ̂(x)− θ]p(x, θ)dx = 0. (1)

The Likelihood-function p(x, θ) describes the probability
that for a given θ the random variable x is observed. If
p(x, θ) has a ”sharp peak” it is easy to estimate the ”correct”
parameter θ, i.e. the data include a lot of information about
θ.
If the Likelihood-function is flat and sweeping many data
are needed to estimate the parameter θ (the data include
few information about θ).
By differentiation of equation (1) we obtain:

∂

∂θ

∫[
θ̂(x)−θ

]
p(x, θ)dx =

∫(
θ̂(x)− θ

) ∂

∂θ
p(x, θ)dx−

∫
p(x, θ)dx.

As the Likelihood-function is a probability distribution, it
applies: ∫

p(x, θ)dx = 1

and through the relation (ln(x))
′

= 1
x

∂

∂θ
p(x, θ) = p(x, θ)

∂

∂θ
ln p(x, θ).

This results in the correlation:∫
(θ̂(x)− θ)p(x, θ)

∂

∂θ
ln p(x, θ)dx = 1.

Through factorization of the integrand one obtains:∫ ((
θ̂(x)− θ

)√
p(x, θ)

)(√
p(x, θ)

∂

∂θ
ln p(x, θ)

)
dx = 1.

By squaring the equation and usage of the Cauchy-Schwarz-
inequality it is implied:

[∫
(θ̂(x)− θ)2p(x, θ)dx

]
·

[∫ (
∂

∂θ
ln p(x, θ)

)2

p(x, θ)dx

]
≥1. (2)

The second factor of (2) is the Fischer Information

FI(θ) =

∫ (
∂ ln p(x, θ)

∂θ

)2

p(x, θ)dx.



The first factor is the expected square error of the estimator
θ, because

E[(θ̂(x)− θ)2] =

∫
(θ̂ − θ)2p(x, θ)dx.

Thus, the uncertainty in the parameters is characterized by
the inverse of the Fischer Information.
This result is also presented by the Cramer-Rao-inequality
which says that the inverse of the Fischer Information is a
lower bound at the variance of an unbiased estimator of θ
and the precision with who θ can be estimated is limited by
(for the proof see [18]):

var(θ̂(x)) ≥ FI(θ)−1. (3)

With N parameters with θ = [θ1, θ2, ..., θN ] the Fischer
Information is a N ×N matrix FIM

FIM(θ) = E

[
∂

∂θ
ln p(x, θ)

∂

∂θ
ln p(x, θ)�

]

and in equation (3) the variance must be replaced by the
covariance matrix.
If the random vector y assumes a multivariate Gaussian dis-
tribution y ∼ N(μ(θ),Σ(θ)) with mean value μ(θ) as known
function of the unknown parameter vector θ and covariance
matrix Σ the probability distribution of y is then

p(y, θ)=
1

(2π)n/2(det(Σ))1/2
exp

(
−
(y − μ)�Σ−1(y − μ)

2

)

⇒ FIM(θ)=
∂

∂θ
μ�(θ)Σ−1 ∂

∂θ
μ(θ)+

1

2
tr

(
Σ−1 ∂Σ

∂θ
Σ−1 ∂Σ

∂θ

)
. (4)

With uncorrelated Gaussian Noise Σ(θ) = σ2I it follows
from equation (4) and [17]

FIM(θ) =
1

σ2

∂μ�(θ)

∂θ

∂μ(θ)

∂θ
. (5)

After the introduction of the Fischer Information Matrix
now the D-optimal design is presented. Therefore, a nonlin-
ear dynamic system

ŷk = f(uk−1, . . . , uk−id, ŷk−1, . . . , ŷk−od) + εk. (6)

is used, whereby the next output ŷk of the model is de-
pendent to the last inputs uk ∈ R

n and outputs ŷk ∈ R.
The parameters id and od stand for the maximal input and
output delay. The noise ε should be Gaussian distributed
with mean 0 and uncorrelated in k:

E(εk) = 0, E(ε; ε�k ) = δi,kC

with C ∈ R
m×m as known positive definite matrix (C =

σ2Im), σ2: variance and δi,k: Kronecker Delta.
The D-optimal design, which minimizes the volume of the
confidence ellipsoid, which approximizes the used parame-
ters, is defined by the maximization of the determinant of
the inverse of the Fischer Information Matrix. It is now dif-
ferentiated between the offline and the online D-optimality.

Offline D-optimality

The offline D-optimal design can be calculated before start-
ing the measurements and thus are called offline DoE.

Therefore, the FIM can only be calculated independently of
the estimated parameters if models are linear in their param-
eters. Thus in practice the complexity of the approximation
problem is often estimated and an experimental design based
on an accordingly complex polynomial model is calculated.
For a model ŷ = X θ, which is linear in its parameters, the
D-optimal criterion is given by

max det(X�X )−1.

This is independent of the parameter θ and so it is possible to
determine the DoE completely without any measurement.

−1 −0.5 0 0.5 1
−1

−0.5

0
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Figure 3: Distribution of the offline D-optimal de-

sign.

Figure 3 shows a typically D-optimal distribution with 50
design points based on a polynomial model of third order. In
contrast to other distributions mainly the boundary of the
input space is covered well. Thus, no extrapolation appears
in the boundary area.

Online D-optimality

In contrast to the offline D-optimality, model-based online
methods allow to adapt the DoE under consideration of the
gained information. With the use of adaptive DoE it is pos-
sible to improve models at certain areas of the input space
which are relevant to the identification problem. Now to
find online an optimal distribution of the points in the ex-
perimental space the FIM of the discrete models must be
maximized over a considered time horizon:

max det

⎛
⎝k+Ns∑

j=k

FIM(θ
(i)
k ) + FIM

(i)
0 (θ

(i)
k )

⎞
⎠

where

FIM
(i)
0 (θ

(i)
k ) =

k−1∑
j=1

FIM(θ
(i)
k )

is the FIM , which depends on the previous training data

and the actual parameter estimation θ
(i)
k .

The D-optimal criterion has also many good properties,
which can be advantageous:

• D-optimal Design of Experiments support in contrast
to other classical design plans also polynomials of de-
gree > 2.

• If experimental data are given or certain areas of the
variation domain should especially be considered, these
points can be included into the design plan.



• The experimental domain can be arbitrary pretended,
uninteresting areas can be excluded for example.

But the D-optimal design has also some disadvantages (see
[16]):

• D-optimal Design of Experiments are very dependent
to the statistical model.

• They have the lack of the explicit allocation of the
identified irregularities of the assumed model.

• D-optimal Design of Experiments tend to weight the
boundary area of the experimental space significantly.
In extreme cases the boundary points of the experi-
mental space are the experimental candidates.

2.2.3 Bayesian design
To compensate the disadvantages of the D-optimal design

now the new Bayesian design is presented. In the following
a nonlinear dynamic model described in (6) is used and we
differentiate again between offline and online.

Offline Bayesian Design of Experiments

As seen before the D-optimal design maximizes the deter-
minant of the Fischer Information Matrix [2]

FIM(θ) =
1

σ2

∂μ�(θ)

∂θ

∂μ(θ)

∂θ
=

1

σ2

K∑
k=1

RkR
�
k

with Rk =

(
∂f(p, uk)

∂p

)�

p=p̂

.

Rk should be chosen such that the uncertainty of θ is small
and the increase of the determinant of (RkR

�
k ) reduces the

error variances of the coefficients which are proportional to
(RkR

�
k )

−1.
In this definition the design matrix has one column for ev-
ery term in the assumed model. This model is an approx-
imation to the behavior of the real system. It seems quite
natural to ask for the quality of the approximation. But to
maximize det(RkR

�
k ) the whole experimental effort is spent

by the precise estimation of the assumed model parameters.
Therefore the D-optimal design does not supply the detected
irregularities in the model. To avoid this you may try with
the Bayesian design to add central points or other control
points both to the factorial and to the optimal design to de-
cide whether the model has uncertainties.
Control points in a design are useful mainly for the protec-
tion against higher order effects which are included in the
model. These terms are called potential terms. The as-
sumed model contains only primary terms. Typically the
sample size is not large enough to estimate all primary and
potential terms simultaneously. The issue here is to develop
an approach which estimates the primary terms precisely
during a general traceability and an estimation is provided
for the potential terms.
Suppose there are q potential terms that are just possibly
important in addition to the p primary terms that you really
want to fit. It is R = (Rkpri

|Rkpot), whereby X has p+q
columns. The sample size n is often not large enough to es-
timate all p+ q parameter precisely, typically p < n < p+ q
holds.
Now a introduction of scaling and centering is necessary to

allow the use of standardized prior distributions of the co-
efficients to work well at all diverse contexts. Without loss
of generality it would be supposed that the residual error of
y is equal to 1 such that every non constant term varies be-
tween −1 and 1 and every potential term is approximately
uncorrelated with all primary terms.
Therefore

max(Rkpri
) = 1 and min(Rkpri

) = −1

hold for every non constant primary term and

max(Rkpot)−min(Rkpot) = 1

holds for every potential term with σ2 = 1. For every pair
of primary and potential terms holds∑

candidates

RkpotRkpri
= 0

whereby max,min and
∑

are calculated for the design over
the whole set of points.
The scaling can be reached by execution of a regression of
the potential terms against the primary terms with use of
the potential points to evaluate α and Z whereby

α = (R�
kpri

Rkpri
)−1R�

kpri
Rkpot

r = Rkpot −Rkpri
α

and

Z =
r

max(r)−min(r)

whereas max,min and the definition of α use the set of the
potential points.
Therefore the definition of Rk leads to (Rkpri

|Z) instead of
(Rkpri

|Rkpot). In addition α is the lowest quadratic regres-
sion coefficient of Rkpot on Rkpri

and r is the residual of the
regression.
Now K is a (p + q) × (p + q) diagonal matrix whose first p
diagonal elements are equal to 0 and whose remaining q di-
agonal elements are equal to 1. Under this conditions it fol-
lows that σ2 = 1 and Y |θ ∼ N (Rkθ, I). With the Bayesian
rule for conjugate Gaussian distributions it leads to θ|Y ∼
N (b, [RkR

�
k +K/τ2]−1) with b = [RkR

�
k +K/τ2]−1R�

k Y.
In the case of the availability of the prior distribution the
Bayesian design is that design which maximizes (RkR

�
k +

K/τ2) with respect to Rk. A great advantage of this ap-
proach is that D-optimal designs only need little modifica-
tions to solve the problem. In our experience no other ap-
proaches are known to solve singular design problems with
the help of a suitable prior distribution to make the D-
optimal design less model dependent.

===============================

Example

This example from [4] represents a simple situation, in which
the ordinary D-optimal approach works poorly but the pro-
posed Bayesian modification works well.
Suppose that A and B are quantitative factors. An interac-
tion model is looked for an experiment with n = 5 whereby
the design points are (ai, bi), i = 1, .., 5 with a discretized
5 × 5 set of possible points: ai, bi ∈ {−1,−0.5, 0, 0.5, 1} as
shown in Figure 4.



Figure 4: D-optimal design for Interaction model
(left) and Bayesian version (right) if n = 5 and the
Potential terms are (A2, B2).

As seen on the left side of Figure 4 the D-optimal design
concentrates on the four corner points replicated in one of
them. If now the two pure quadratic terms represent the
potential terms in the Bayesian model (with τ = 1) then
the design give a Bayesian justification for the addition of
the central point which can be seen on the right side of
Figure 4. To check the evaluations the i-th row of R(5×6) is

(1, ai, bi, aibi, a
2
i − 0.5, b2i − 0.5). The first p = 4 columns are

primary terms, the last q = 2 columns of X are potential
terms such that p = 4 < n = 5 < p + q = 6. One may
choose (ai, bi), i = 1, ..., 5 to maximize the determinate of
(R�R+K) whereby

K =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ .

The choice of a central point appears by a default value
of τ = 1. If K is replaced by K/τ2 the central point would
be added for all τ > 0.61. If τ < 0.61 the design concen-
trates on the four corner points like the D-optimal one. The
sudden change whether a central point is added or not takes
place at τ = 0.612. The choice of τ plays an important role
for the design and is set to the default value τ = 1 at the
simulation results in this contribution because at this value
an improvement of the normal D-optimal design is expected
with high probability.

===============================

Online Bayesian Design of Experiments

For an online optimization for the prediction horizon Ti the
optimal design point s∗i is defined with the Fischer Informa-
tion matrix of (5):

max
si

Ts

Ti

N∑
j=1

⎛
⎝det

⎛
⎝Ti/Ts∑

k=1

ωjFIM
(j)
k (p̂, uk(si, si−1)) +K/τ + F

(j)
0

⎞
⎠
⎞
⎠

under the constraints

h(ut) ≤ 0, ∀t ≥ k (7)

g(yt) ≤ 0, ∀t ≥ k + 1 (8)

whereby U = {Ui}Ki=1 is the input sequence for all K design
points and the total time T =

∑
Ti =

∑
Th,i + Tr,i and the

inequalities are described by the functions h : Rn → R
q and

g : Rm → R
p. ωj stands for the weighting of model j and N

for the number of the model in the committee. The input
sequence for a design point si with holding time Th,i and
ramp time Tr,i is described by (see [2])

Ui(si−1, si, Th,i) = {uk}Ti/Ts

k=1

uk(si, si−1) =

{
si, für

Tr,i

Ts
≤ k ≤ Ti

Ts

g · k + si−1, für 1 ≤ k ≤ Tr,i

Ts
,

whereby the slope g is limited by the maximal slope gmax

and evaluated by

g =
gmax

Tr,i
α

Tr,i =

⌈
1

Ts
max

j
(|αj |)

⌉
Ts

α =
1

gmax
(si − si−1).

F
(j)
0 is the FIM , which depends on the previous training

data and the actual parameter estimation. So long as the
holding times Th,i, i = 1, ..., K are independent to the de-
sign points they should be determined at the beginning only
and the input sequence Ui must be optimized for the unique
parameter, the design point si.

3. EXPERIMENTS
In the following only the online model-based designs are

compared to each other, because they are more powerful and
the performance of the new online Bayesian design for the
nonlinear dynamic system identification should be shown.
Therefore, the Bayesian design is compared with the Query
by Committee criterion and the D-optimal design by means
of test examples with a committee of Neural Nets and then
the Bayesian design is compared with the D-optimal design
by means of test examples with a polynomial. With these
experiments it is shown that the Bayesian design achieves
better results both for the presented dynamic system iden-
tification and also for the static system identification. The
following various test are performed by the test system:

• Comparison of the Bayesian design with the Query by
Committee criterion and the D-optimal design on the
basis of a committee of Neural Nets.

• Comparison of the Bayesian design with the D-optimal
design on the basis of a polynomial.

3.1 Comparison of the design on the basis of
dynamic system

The results are presented through Box plots. At first the
Bayesian design is compared to the Query by Committee
criterion and the D-optimal design on the basis of a com-
mittee of Neural Nets. The comparison is performed by 100
different training data sets. Every of these data sets in-
clude 1024 data points. The measured outputs are afflicted
with noise whereby the signal to noise ratio (SNR) is 20.
Seven Neural networks are in the committee weighted with
a Bayesian method and an adaptive choice of the neurons.
As design criteria the D-optimal, the Query by Committee



and the Bayesian design are taken. Altogether 30 percent of
the training data are trained online and 70 percent offline.
The prediction horizon has the value 1. The neural nets are
excited by an APRBS signal (see [3]) and as an amount of
error for the evaluation the normalized root mean squared
error (NRMSE) is used:

NRMSE =

√
e�e

K(var(y))
,

where e is the difference between system output and model
output and var(y) is the variance of the measurement sig-
nal. Many measured variables, which are relevant for the
behavior of a combustion engine (e.g. the exhaust gas tem-
perature), feature a PT1 behavior with a time constant de-
pending on the operating point. The proposed modifications
to the DoE are also targeted on an improved steady state
behavior or a high model quality next to the static optima.
To achieve this a static nonlinear system followed by a PT1
element with a time constant dependent nonlinear on the
output of the static system. This allows to check easily the
static accuracy of the dynamic model globally and close to
the assumed optima. The RadCos function is used as static
nonlinearity with input level u ∈ [0, 1]2 [10]:

x = cos

(
9
√

u2
1 + u2

2 + 2

)
+ 0.5 cos(11u1 + 2)

+15
(
(u1 − 0.4)2 + (u2 − 0.4)

)2
.

The used PT1 element is described by the following differ-
ential equation:

T ẏ + y −Kx = (2.4 cos(10x+ 4)− 0.5y + 4)ẏ + y − x

for which an anti derivative exists and which is discretised
by h = 0.5s. An illustration of the scaled transfer function
of the system is shown in Figure 5.

u1u2

x

static system:

RadCos: x = f(u)

dynamic system:

y(k + 1) = c(y(k), x(k))

x(k)y(k)

y
(k

+
1
)
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−1
0

1
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Figure 5: Composed dynamic test system

As seen on Figure 6 the Bayesian design (Bayesian) has
the lowest mean value and the lowest scattering of the er-
rors. The D-optimal design (Dopt) is the second best design
and the Query by Committee (QBC) is the worst one. As
validation data set the data sets which are not used for the
training of the model committee are used for the transient
model behavior.

3.2 Comparison of the designs on the basis of
a static system

Ater the prove that the Bayesian design performs better
that the other designs at the identification of dynamic sys-
tems the Bayesian design is now compared to the D-optimal

committee QBC committee Dopt committee Bayesian
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Simulation of the validation data

Figure 6: Comparison of the design criteria by the

simulation errors.

one on the basis of a polynomial. Therefore, it is shown that
the Bayesian design can not only be used with dynamic sys-
tem but also with static systems. A polynomial of degree 6
(see Figure 7), which corresponds to the RadCos function
before, is given and the order of the polynomial on which
the D-optimal design is calculated is 7. 60 design points are
used and the validation data are calculated on the basis of
a Latin Hypercube distribution.

Figure 7: Polynomial of degree 6.

Figure 8: Approximation of the polynomial of de-

gree 6 on the basis of a D-optimal design based on

a polynomial of degree 7.

As seen on Figure 8 and 9 the Bayesian design leads to
better results than the D-optimal one. As mentioned before
you can see that the D-optimal design tends to weight the
boundary area of the experimental space significantly and
that the design is very dependent to the statistical model
and the lack of the explicit allocation of the identified irreg-
ularities of the assumed model. The normalized mean square
error (NMSE), which is the mean quadratic error between



Figure 9: Approximation of the polynomial of de-

gree 6 on the basis of a Bayesian design based on a

polynomial of degree 7.

the measured output and the model output weighted with
the variance of the measured output, is significantly lower
with the Bayesian design both with the training data and
with the validation data. The same result is shown if the
order of the polynomial on which the D-optimal design is
calculated is underestimated.

4. CONCLUSIONS
This contribution presents various methods for the De-

sign of Experiments for nonlinear dynamic system identifi-
cation. At first model-free designs, like the random design,
the Latin Hypercube and the distance-based criteria, are
introduced. Then model-based designs are discused. The
Query by Committee criterion is mentioned and the Fischer
Information matrix is calculated, which plays an important
role in the D-optimal design, which is then presented. The
Fischer Information matrix is also used especially for the
new Bayesian design for the nonlinear dynamic system iden-
tification, where central points or other control points are
added to the D-optimal design to decide whether the design
has uncertainties. Furthermore, it is demonstrated that the
D-optimal design needs a few modifications to make the de-
sign less independent to the chosen model approach. The
presented new Bayesian design allows to identify more accu-
rate dynamic both analytical and simulation models under
consideration of their later application. This helps to con-
sider the transient engine behavior in model based optimiza-
tion tasks. As shown in the subsequently simulation with
dynamic systems like Neural Networks and static systems
like polynomials as model approaches the Bayesian design
provides better results as the D-optimal and the Query by
Committee on both the validation data and the steady state
error. For the future the design will be used in practice to
achieve better results and therefore a reduction of emissions
and consumption.
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