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Abstract—Transform Domain Communication System (TDCS)
is a Cognitive Radio technology that has been thoroughly studied
by the Air Force Institute of Technology because of its resiliency
against jammers or interferences while being noise-like.

However TDCS’ huge disadvantage is its low spectral effi-
ciency. In this article, we propose the use of a dense multidimen-
sional modulation to counteract this property. We develop the
theoretical Bit Error Rate (BER) performance and show that
the theory matches well the simulation.

We point out that this modulation can compete with QPSK
systems in terms of spectral efficiency while keeping TDCS’
intrinsic assets.

I. INTRODUCTION

Firstly studied by the Airforce Institute of Technology [1–
3], Transform Domain Communication System (TDCS), is
a Cognitive Radio technology that generates interference-
free, noise-like waveforms to avoid wasting unused frequency
bands.

However, as shown by the authors in [4], TDCSs suffer
from a low spectral efficiency because of their inherent mul-
tidimensional nature. To extend its use to higher throughput
communications, we propose the use of a multidimensional
modulation by using simultaneously k among N dimensions
instead of only one at a time, as done in standard Cyclic Shift
Keying (CSK) TDCSs. The spectral efficiency is then signifi-
cantly increased: up to 10 times higher than classical TDCSs.
Of course this causes a degradation of BER performance but it
still competes with standard PSK systems’ performance while
keeping the TDCS’ advantages.

Before getting into details of the new modulation scheme,
we will first start with presenting our TDCS system and recall
the spectral efficiency limits that apply. In a third section,
we will present our multidimensional modulation with its
theoretical performance, and compare then the theory with
simulation results. The question of mapping the symbols to
the bit words is also covered. In a last section, we will focus
on the comparison between the

(
N
k

)
-Ary modulation scheme

and the usual PSK modulation scheme before concluding on
the applications and limits of this technique.

II. SYSTEM MODEL AND ITS DIMENSIONALITY PROPERTY

A. System Model

1) Emitter Side: We consider here a CSK-TDCS emitter
in Fig. 1. It is however possible to combine CSK and PSK
modulation to improve symbols orthogonality (see [4, 6]).
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Fig. 1: TDCS Emitter

The first step in a TDCS system consists of sensing the
available spectrum to enable interference-free transmissions.
Different techniques exist to better detect the interferences [3,
8, 9]. A spectrum mask S(v)(f) of useful bandwidth Wu is
chosen from this estimate, which the transmitted signal will
have to respect. A multiple-access phase φ(v)

r [1] is then added
to each of its frequency components and let the signal be noise-
like. The resulting spectrum can be written by Eq.(1):

S(v)(f) =
K∑
r=1

A(v)
r δ (f − r∆f ) e+jφ(v)

r +

A(v)
r δ (f + r∆f ) e−jφ

(v)
r

(1)

with Ar ∈ {0, 1} the amplitude of the r-th frequency
component (set by the spectrum sensing), K the number of
frequency components, ∆f the spectral sample spacing and
the upper-script (v) denotes the v-th user. Defining Kused,
the number of frequency components of the useful spectrum
Ar 6= 0. We have Wu = Kused∆f .
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The reference waveform is computed from the Inverse
Fourier Transform (IFT) of Eq.(1) and the resulting signal can
be considered as a symbol whose duration is T = 1/∆f .

s(v)(t) = 2
K∑
r=1

Ar cos(2πr∆f t+ φ(v)
r ) (2)

CSK modulation consists then of cyclically shifting the gen-
erated waveform, see Eq.(3). Each shifted waveform represents
one symbol (a bit word) and is stored in a buffer.

sCSKmCSK
(t) = sCSK0

(
t− mCSKT

MCSK

)
T

(3)

with T the waveform duration, and s
(
t− T

m

)
T

is the
notation introduced in [1] for a T

m circular shift. mCSK ∈
{0, · · · ,MCSK − 1} is the CSK symbol index.

The set of shifted waveforms sCSK0 · · · sCSK(MCSK−1) can
be considered as pseudo-orthogonal [10]. We then sum k
waveforms from the N buffered ones and transmit the resulting
symbol. In standard CSK modulation, only one waveform
corresponds to one bit word (k = 1). Summing k waveforms
leads to a dense multidimensional constellation with a higher
spectral efficiency.
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Fig. 2: TDCS Optimum Receiver

2) Receiver Side: In Fig. 2, we assume that the receiver
and the emitter share the same spectrum mask, random phases
and mapping between a waveform and a bit word. The
demodulation process described in Fig. 2 is equivalent to an
optimum AWGN demodulator [5, 10]. By taking the k-first
maximum indexes one knows which symbol is incoming and
demapping into a bits stream is then achieved. The demapping
process is further detailed in Section III-B.

3) System Parameters: In our TDCS system, the signal’s
bandwidth is defined from 1kHz to 7MHz and avoids inter-
ferences between 2 and 3MHz. As a consequence, its total
available bandwidth is Wa = 6.999 MHz, and its used
bandwidth is Wu = 5.999 MHz, described by Kused = 256
frequency components. The dimensionality of our system is
N = 512. These figures are summarized in the spectrum mask
of Fig. 3

Now that our TDCS system model is introduced, let us see
the role that plays the dimensionality parameter N on the
system’s performance.
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Fig. 3: Signal’s Spectrum

B. Impacts of Dimensionality on Spectrum Efficiency

Let us recall the dimensionality N of a signal x(t) that
roughly lasts T seconds and occupies a bandwidth Wu. It
defines the number of orthogonal signals such that x(t) can
be expressed by a linear combination of them. In [7, pp 227-
229], it is stated that N is well approximated by Eq. (4):

N ≈ 2WuT (4)

More specifically for a TDCS system, since the period
symbol is T = 1

∆f
, and since Wu = Kused∆f , the signal

dimensionality is equal to N = 2Kused.
As a consequence, one can write the spectrum efficiency

ηeff of a multidimensional system as it follows in Eq.5:

ηeff =
Rbit
Wu

=
log2(Mmod)Rsymb

N
2T

=
log2(Mmod)

Kused

(5)

where Mmod is the CSK constellation size, Rbit is the bit-rate,
and Rsymb = Rbit

log2(Mmod) = 1
T is the symbol rate.

As a consequence, TDCSs with a high dimensionality suffer
from a low spectral efficiency. To improve the latter, it is
necessary to increase Mmod. In the following, we use the
modulation presented in Section II-A with k > 1.

III.
(
N
k

)
-ARY MODULATION FOR TDCS

CSK is considered as a standard M-ary Orthogonal Signal-
ing (MOS) [10] with only one dimension used per symbol.
We propose here to represent a symbol by an arrangement of
k dimensions that results in having Mmod =

(
N
k

)
possible

symbols. It produces thereby an important increase in the
spectral efficiency. We will now quantify this increase and
compute the BER performance that this modulation can reach.

A. Theoretical Performance

1) Maximum Spectral Efficiency: It is straightforward to
note that the constellation size

(
N
k

)
reaches a maximum for

k = N
2 . Thus, because of Eq.(5), we can infer the maximum

spectral efficiency of the modulation in Eq. (6):

ηeffmax =
2 log2

(
N
N
2

)
N

(6)

By means of the Stirling’s approximation given in Eq.(7),
it is possible to deduce ηeffmax in Eq.(8).



log2(N !) ≈ N(log2N −
1

ln 2
) +

1
2

log2(N) +
1
2

log2 2π

(7)

ηeffmax =
2 log2

(
N
N
2

)
N

= 2

[
log2N !
N

−
log2(N2 !)

N
2

]

≈ 2
[
1 +

1− log2 2π − log2N

N

]
lim
N→∞

ηeffmax = 2

(8)

According to Eq.(8), ηeffmax converges slowly to 2. For exam-
ple, N = 32 can provide spectral efficiency of 1.82 bits/s/Hz,
close to the QPSK spectral efficiency. Using higher N would
lead to a significant increase in the system’s complexity while
providing only a tenth increase in the spectral efficiency.

2) BER Performance: We base our approach on the same
formalism as in [7]. Thus, symbols of our

(
N
k

)
-Ary modula-

tion, can be written as in Eq.(9):

s1 = (

N︷ ︸︸ ︷
k︷ ︸︸ ︷√

ε

k
, · · · ,

√
ε

k
, 0 · · · , 0)

· · ·

si = (0,
√
ε

k
,

√
ε

k
, 0, · · · ,

√
ε

k
· · · , 0)

(9)

with i ∈ I = {1 · · ·
(
N
k

)
}, and ε the symbol energy.

In the context of CSK-based TDCS, sending the symbol si
corresponds to send the waveform si(t) defined in Eq.(10):

si(t) =
N∑
m=1

[si]msCSK0

(
t− mT

N

)
T

(10)

with [si]m equals the m-th component of symbol si being sent
(see Eq. (9)).

We develop now the analytical BER of a
(
N
2

)
-Ary mod-

ulation but the following development is similar for any k.
Without loosing generality, suppose the the symbol s1 is sent:

s1 = (
√
ε

2
,

√
ε

2
, 0, · · · , 0) (11)

Symbol s1 is now corrupted by an AWGN noise n :

n = (n1, n2 · · · , nN ) (12)

with ni, i ∈ {1 · · ·N}, are zero-mean, stastically independent
Gaussian random variables, each of variance N0

2 . The received
signal can then be written as :

r1 = (
√
ε

2
+ n1,

√
ε

2
+ n2, n3, · · · , nN ) (13)

To achieve an optimum demodulation [7], there needs to
be a correlation between r1 and the

(
N
2

)
possible symbols sp,

p ∈ I . Among these correlations, there are 4 different cases
listed in Eq.(14).

r1.s1 = ε+ n1

√
ε

2
+ n2

√
ε

2

r1.sa =
ε

2
+ n1

√
ε

2
+ ni

√
ε

2

r1.sb =
ε

2
+ n2

√
ε

2
+ nj

√
ε

2

r1.sc = nk1

√
ε

2
+ nk2

√
ε

2

(14)

with a, b, c different symbol indexes belonging to disjoint sets
A,B,C forming a partition of I . Index sets A and B are
of size N − 2, and C is of size

(
N−2

2

)
. i, j ∈ {3 · · ·N},

(k1, k2) ∈ {3 · · ·N}2 with k1 6= k2.
The probability of correctly receiving the symbol s1 is the

probability given in (15) :

Pc =P
[⋂
a∈A

(r1.s1 > ra.sa) ,
⋂
b∈B

(r1.s1 > rb.sb) ,⋂
c∈C

(r1.s1 > rc.sc)
]

Pc =P
[ N⋂
i=3

(√
ε

2
+ n1 > ni

)
,

N⋂
j=3

(√
ε

2
+ n2 > nj

)
,

⋂
k1=3..N
k2=3..N
k1 6=k2

(√
2ε+ n2 + n1 > nk1 + nk2

) ]

(15)

We can note that each event is not independent. A first step
in simplifying the formula is to condition the probability of
Eq.(15) on n1 and n2. This gives Eq.(16)

Pc =
∫∫
R2

P
[ N⋂
i=3

(√
ε

2
+ n > ni

)
,

N⋂
j=3

(√
ε

2
+ n′ > nj

)
,

⋂
k1=3..N
k2=3..N
k1 6=k2

(√
2ε+ n+ n′ > nk1 + nk2

) ]
e−

n2
N0 e−

n′2
N0

1
πN0

dndn′

(16)

However, there is still a coupling between the intersections.
But since one event {

√
ε
2 +n > ni} is coupled to three other

ones, while it is independent with
((
N
2

)
− 4
)

other events, we
do the approximation in Eq.(17) that every event is indepen-
dent. We will see in Section III-C, that this approximation is
reasonable.



Pc ≈
∫∫
R2

(
1−Q(

n+
√

ε
2√

N0/2
)

)N−2(
1−Q(

n′ +
√

ε
2√

N0/2
)

)N−2

(
1−Q(

n+ n′ +
√

2ε√
N0

)

)(N−2
2 )

e−
n2
N0 e−

n′2
N0

1
πN0

dndn′

(17)

Taking u =
n+
√

ε
2√

N0/2
, and v =

n′+
√

ε
2√

N0/2
, we can express the

symbol error probability as Eq.(18) :

Pe = 1−
∫∫
R2

1
2π

(1−Q(u))N−2 (1−Q(v))N−2

(
1−Q(

u+ v√
2

)
)(N−2

2 )
e−

(
u−
√

ε
N0

)2
2 e−

(
v−
√

ε
N0

)2
2 dudv

(18)

Symbol Error Rate (SER) of Eq. (18) can be computed
numerically. In a very similar way, performance of a

(
N
3

)
modulation can also be derived. 1 It is however complicated
to develop a bit error probability since it highly depends on
the mapping between the bit words and the symbols. But as a
first approximation, considering large N ,

(
N−2

2

)
� 2(N −2),

we can assume that every symbol has the same inter-symbol
distance d = 2

√
ε. Which is also the case for standard MOS.

As a matter of fact, we can similarly approximate [7, p. 205]:

Pb =
2k−1

2k − 1
Pe (19)

As previously raised, constellation size such M =
(

128
3

)
=

341376 makes obvious the problem of mapping such a high
number of symbols to a bit word. We propose a solution in
the next subsection.

B. Symbol to Bit words Mapping and vice versa

We propose here to map a huge number of symbols to bit
words, not in an optimum way, but in a computation-efficient
way. We base our algorithm on a straightforward way to order
the different

(
N
k

)
combinations. For example with M =

(
5
3

)
we have the exhaustive list of combinations in table I.
d1,d2 and d3 represent the dimension indexes. Because this

order is very structured, it is easy to find out an algorithm that
associates the combination indexes to the dimension indexes.
Taking the binary value of the combination index gives a
mapping between bit words and waveforms. 1

C. Simulation Results

To validate the theory developed above for k ∈ {2, 3},
we used orthogonal waveforms generated by CSK and chose
a modulation using only 32 dimensions from 512 to ensure
orthogonality.

1To ensure paper’s brevity, the authors decided not to detail these algorithms
or computations.

Index d1 d2 d3

1 1 2 3
2 1 2 4
3 1 2 5
4 1 3 4
5 1 3 5
6 1 4 5
7 2 3 4
8 2 3 5
9 2 4 5

10 3 4 5

TABLE I: Every combination of 3 dimensions among 5
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Fig. 4: SER and BER performance of
(

32
2

)
and

(
32
3

)
modulation

First of all we observe on Fig. 4 that the simulated and theo-
retical SER match in spite of our approximation. As expected,(

32
3

)
modulation performs worse than

(
32
2

)
, which itself shows

worse performance than standard CSK modulation.
However concerning the BER performance, the simulated

curves are below the theoretical ones for low Eb/N0 values.
This is due to our assumption that a symbol error causes half
of its bits to be wrong : the worst case scenario. We can thus
infer that our computation-efficient mapping performs better
than the worst case mapping.

If we consider now a system using 32 dimensions generated
by CSK from only 64 theoretically available, the orthogonality
property of the symbols set is strongly affected as shown in
table II. This results in a slight gap between the theory and
the simulation of MOS at a BER of 1 × 10−4. However,
this difference becomes much larger when using the

(
32
2

)
modulation as highlighted on Fig. 5.

Although showing worse BER performance than MOS, we
can see on Fig. 4 that

(
N
k

)
-Ary modulation remains better than

standard QPSK performance for some Eb/N0 range. The ques-
tion that follows is "When does the

(
N
k

)
modulation provides

better BER than PSK at the same spectral efficiency?".



Statistics N=64 N=512
Mean 0.001 -.004

Min -.21 -.029
Max 0.32 .0048
Var 0.01 7.42 ×10−5

TABLE II: Scalar Product Statistics between 32-CSK wave-
forms for different dimensionality value
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Fig. 5:
(

32
2

)
modulation with insufficient orthogonality

IV. COMPARISON BETWEEN
(
N
k

)
-ARY MODULATION AND

PSK MODULATION

As previously done, we assume the use of purely orthogonal
waveforms.

As seen in Section III-A, the computation of the theoretical
performance of a

(
N
k

)
-Ary modulation system, requires k infi-

nite integrals. Thus, the results presented here are from Monte-
Carlo simulations for the

(
N
k

)
-Ary modulation, theoretical

BER curves are taken for PSK. We then plot in Fig.6 their
spectral efficiency in function of the Eb/N0 while ensuring
1× 10−3 and 1× 10−5 BER goals.
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Fig. 6: Spectral Efficiency comparison for 2 BER goals

Each dot represents a modulation scheme, varying from
BPSK to 16 PSK and from k = 1 to k = 16 for respectively
PSK and

(
32
k

)
-Ary modulations.

First we note that small values of k let the system achieve
the BER goal for low Eb/N0, while PSK cannot. Then for
k = 8, a spectral efficiency of 1.6bits/sec/Hz is achieved much
after the PSK systems when the BER goal is 1 × 10−3, but
at the same Eb/N0 than PSK systems for a BER goal of 1×
10−5. This is due to the BER performance curves of

(
N
k

)
-Ary

modulation: much steeper than the PSK ones. As a result,
when decreasing the BER goal, spectral efficiency of both
systems suffer from a translation to higher Eb/N0, but this
translation is narrower for

(
N
k

)
-Ary modulation than for PSK.

We can expect that this modulation scheme performs better
than QPSK for some very low BER goal.

Hence, the proposed modulation scheme has a wide range of
working conditions, from low spectral efficiency transmissions
at very low Eb/N0, up to high throughput transmissions at
high Eb/N0. However, there is a tradeoff to do between
orthogonality and system complexity : CSK provides only
pseudo-orthogonal waveforms but at a low complexity cost.
Purely orthogonal waveforms would provide better results.

V. CONCLUSION AND FUTURE WORKS

In this paper, a dense multidimensional constellation mod-
ulation scheme is developed and applied to Transform Do-
main Communication Systems. Its analytical performance are
derived and simulations confirm the theory. TDCS’ spectral
efficiency is increased while accepting a decrease in BER
performance. We pointed out that this technique can compete
with QPSK spectral efficiency when the BER goal is low,
while keeping TDCS’s assets. As a consequence the modu-
lation allows a wide range of working condition and can be
seen as a new degree of adaptive modulation.

Future work to enhance the
(
N
k

)
-Ary modulation includes

the search of optimum mapping and a better orthogonal
waveforms generation, since it appears CSK reaches its limits
for higher constellation size.
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