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Abstract—We present an analysis of the time of arrival (TOA)
and time difference of arrival (TDOA) based positioning methods
in Non-Line-of-Sight (NLOS) environments. Single path
propagation is assumed. The positioning accuracy is investigated
in terms of Dilution of precisions (DOPs) depending on different
NLOS cases. We then show that the weighted DOP (WDOP) is
equal to the Cramer-Rao Lower Bound (CRLB) when the
number of Line-of-Sight (LOS) base stations (BSs) is sufficient
(three or more). Some characteristics of the DOP in the Global
positioning system (GPS) are introduced to investigate the
performance of positioning accuracy. In addition, some new
characteristics of the DOP and the relationship of the DOP
between the TOA and TDOA based methods are derived.
According to these characteristics, the system can improve
positioning accuracy through proper choice of optimum BSs and
location techniques.

L INTRODUCTION

Glocation estimates for Enhanced-911 (E-911) services
[1]. This has boosted the research in the field of wireless
location as an important public safety feature, which can also
add many other potential applications [2]: location-sensitive
billing, fraud protection, person/asset tracking, fleet
management, intelligent transportation systems (ITS), mobile
yellow pages, and wireless system design and for efficient
radio resource management, etc.

Conventional geolocation techniques include the time-of-
arrival (TOA), timei-difference-of-arrival (TDOA), signal
strength (SS), angle-of-arrival (AOA) based methods, or
combination of these. Among these localization techniques,
TOA and TDOA based methods have attracted much attention
[3]. TOA is the one-way signal propagation time from the MS
to a BS. Assuming line-of-light (LOS) propagation and zero
TOA measurement error, the TOA of each BS provides a
circle centered at the BS on which the MS must lie. With three
or more BSs, the MS location can be uniquely determined by
finding the intersecting point of the TOA derived circles. In
TDOA methods, each TDOA measurement defines a
hyperbola as possible locations for the MS and the location of
the MS is determined from the intersection of two or more
TDOA hyperbolae.
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The main problem of cellular wireless location systems is
the NLOS situation, when the signal arrives at a BS from
reflections. There is no direct, or LOS, path. This often
happens in an urban environment. Several methods for
mitigating NLOS errors have been addressed in the literature
[4-11]. The methods for NLOS mitigation considered in [4-6],
which requires a time series of range measurements from a
moving user, work well when MS is moving. The methods in
[7, 8] are similar to method field processing for localization. It
firstly measures the propagation characteristics of the channel,
and then determines the MS location from a database. The
method in [9] uses a constrained condition to restrain NLOS
errors. The algorithm presented in [10] replaces the nonlinear
terms in the measurement equation with a single variable, and
adds a loose variable to the equation, in order to simplify the
problem and make it a mathematical programming problem.
The methods in [11] generally assume that there is a large
number of BSs available for location, with only a small subset
of those being NLOS.

Despite these prior studies, two basic questions of NLOS
geolocation remain unanswered: what is the performance of
location algorithms in NLOS environments and how to
improve it? The Dilution of precision (DOP) and Cramer-Rao
Bound (CRLB) are two types of measures for the positioning
accuracy, and are well discussed for the LOS case [12-17].
However, relatively few studies have been reported on the
performance analysis for the NLOS case. Recently, the
authors in [18] drive the CRLB on geolocation accuracy in
mixed NLOS/LOS environments, under the assumption that
there are three or more LOS BSs and NLOS errors can be
estimated by LOS BSs. The assumption of NLOS errors that
can be estimated makes the problem becoming the classical
CRLB problem with Gaussian noise. However, this is a
special case in practice environments. More general case is
that measurements from all BSs are corrupted by NLOS errors
[6, 8, 22]. In this paper, we analyze the performance of the
TOA and TDOA based on DOPs in NLOS environments,
which only need the mean and variance of range errors. We
assume single-path propagation in practice environments. This
means that in the presence of multipath signals we need to



select the strongest or first arriving component. Contributions
of our study include the following:

(1) We drive DOPs for the TOA and TDOA based
methods depending on different NLOS cases. The
performance of the TOA and TDOA based methods is
investigated in terms of DOPs. These cases are general in
practice environments, and the case discussed in [18] can be
interpreted as a special case of our results.

(2) Some characteristics of the DOP in the GPS are
introduced to investigate the performance of positioning
accuracy. In addition, some new characteristics of the DOP
and the relationship of the DOP between the TOA and TDOA
based methods are derived. According to these characteristics,
the system can improve positioning accuracy through proper
choice of optimum BSs and location techniques.

The rest of this paper is organized as follows. Section II
presents the definition and some characteristics of the DOP.
The analysis of the TOA based methods is given in section IIL
The TDOA based methods are investigated in section IV. The
relationship of the DOP between the TOA and TDOA based
methods is derived in section V. Conclusion is given in section
VL

II. DILUTION OF PRECISION

In this section, we introduce the definition and some
characteristics of DOP, which will be used in the later. The
purpose of the DOP is to find a translation matrix between
range domain errors and position domain errors. We consider
the following model:

Ar=HA® €))
where Ar is a range error vector, A is a position error
vector and H is a translation matrix. The original DOP was
derived assuming that the measurement noises are
uncorrelated to one another identically distributed with the

noise covariance R =1 O',,2 . The DOP is defined as [14]:

DOP = \[trace(D,) = \/ trace(H'H)") ()

where D, is the DOP matrix.

However, when the position of MS is estimated in wireless
communication systems, there are significant variations in the
error distributions due to NLOS propagation and the DOP is
no longer a proper measure of the user position domain
variance. To address this problem, the KDOP and weighted
DOP (WDOP) were proposed in [15]. The KDOP is a variant
of the DOP with the least square (LS) solution and the WDOP
is with the weighted least square (WLS) solution. From (1),

the LS solution for A@ is given by:
AG=(H"H)'"H"Ar 3)
Its corresponding covariance matrix can be written as:
cov(AQ)=(H'H)Y'H'RH(H"H)" @
where R is the covariance matrix of range errors. The KDOP
is defined as [15]:
KDOP = \/ trace(cov(AQ)) = \/ trace(D,)
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= Jtrace(H"HY"H' R H(H HY™") (5)
where D, is the KDOP matrix. The WLS solution for A@ of
(1) is given by:

AO=(H'"R'H)'H'R'Ar (6)
The covariance matrix of A@ can be written as:
cov(AQ)=(H'R'H)Y'H'R'RR'H(H'R'H)"
=(H'R'H)Y'H'R'H(H'R'H)"
=(H'R'H)" (7)
The WDOP is defined as [15]:
WDOP = \/ trace(cov(AB)) = \/trace(D3)

= \/trace((H "RH)™) 8)

where D3 is the WDOP matrix. It can be seen from (5) and

(8) that the KDOP and WDOP are mean square errors (MSE)
of location estimator with LS solution and WLS solution,
respectively. This means that the performance of location
estimator can be investigated in terms of the KDOP and
WDOP. Now, we present some characteristics for DOP in the
following proposition.

Proposition 1

If covariance matrix R, is diagonal, WDOP is

monotonically decreasing in respect of the number of BSs.

Proof: See [15].

Proposition 1 shows that the performance of the TOA with
a diagonal covariance matrix will become better as the number
of BSs increases and the WLS method is used.

Proposition 2

If range errors are independent identically distributed

(i.i.d) random variables and covariance matrix R, is diagonal,

then the KDOP equals WDOP.
Proof: If range errors are i.i.d random variables and

covariance matrix R, is diagonal, then range errors will have

a covariance matrix R, = /o r2. Substituting R, = /o r2 into

(5) and (8), the WDOP and KDOP can be rewritten as:
WDOP = \Jtrace[(H"I(1/ o, )H) ']

= \/tmce[((HTH)’l 16.7)] ©)
KDOP = \Jrace(H"H) 'H' Io,*H(H"H)™")
= Jtrace(H"H)"H"H(H"H) ' 5,%)

= \/trace((H "HY'lc?) (10)
Hence, WDOP = KDOP (11)

Proposition 2 means that the performance of the LS
method and WLS method are equal under the conditions of
Proposition 2.

Proposition 3

For i.i.d errors variables and diagonal covariance matrix,
the lowest attainable WDOP and KDOP in N-sided regular




polygon, N >3, locate at the centre of the polygon, and its
corresponding KDOP and WDOP  matrix  are

2 2
D =[D,),., =diag([— —=)Ioc°.
[D, ], =[D; ] g([N N]) r
Proof: For i.i.d errors variables, it can be seen from [16]

_ . 2 2
that [(H"H) 1]2X2 = dlag([ﬁ ﬁ]) when MS locates at
the centre of the N-sided regular polygon.

From (11), we have:

[Dz ]2><2 = [D3 ]2><2 = [(HTI‘[)_1 ]2><2 ]C)’r2

2 2
=diag([— =Ioc? 12
zag([N N]) o, (12)

It can be included from Proposition 3 that the lowest
attainable WDOP and KDOP in N-sided regular polygon locate
at the centre of the polygon. It should be noted that the DOP,
KDOP and WDOP are all based on the assumption that range
errors have zero mean. In practice, NLOS errors are positive
random variables. We will deal with this case in the later
section depending on different NLOS environments.

III. ANALYSIS OF THE TOA BASED METHOD

In this section we present the analysis results of the TOA
based methods. The analysis results are derived for two main
different cases depending on whether the number of LOS BSs
is less than three or not. The first main case includes two small
cases depending on whether NLOS errors are i.i.d random
variables or not.

Assuming that (X, y) is the position of the MS, and
(x;,,) is the position of the 7 th BS. The i th range

measurement 171 is modeled as:

’71' =1n+n te :\/(x_xi)2 +(y_yi)2 +n,+e (13)
where 7; is the true distance between the MS and BS i, N is

the number of BSs, 1, represents the standard measurement
noise subjected to zero mean Gaussian distribution with
variance 51.2 , € is a positive random variable representing
the error due to NLOS propagation, which subject to different
statistical distributions with mean e, and variance 0-12 in the

different channel environments [24], such as Exponential,

Uniform, and Delta distribution.

3.1 The case where the number of LOS BSs is less than three
When the number of LOS BSs is less than three, NLOS

errors €, cannot be estimated. Since the number of unknown
parameters, including the position of the MS and NLOS errors
e,, is more than the number of measurement equation. Thus,
the CRLB derived in [18] cannot be available. Here, we derive
DOPs depending on whether NLOS errors are i.i.d random
variables or not.

3.1.1 NLOS errors are not i.i.d random variables

When NLOS errors are not i.i.d random variables and there
are not prior statistics of NLOS errors, the location estimator
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will be biased. The linearized measurement equation for (13)
is written as:

or, or,
Ar,=—Ax+—Ay (14)
Ox Oy
where Ar; is range error, Ax and Ay are the estimation
errors of x and ), respectively. Eqn (14) can be expressed in

matrix form:

Ar=H A6, (15)
or o]
Ay, E 5
where Ar=| , H = : : , and
Ary, ory  Ory
[ox oy

Ax
AG = |:A } . The LS solution for A@, is given by:
%

A6, =(H"H) " HAr (16)
The mean matrix and E(AGAH") of Af, can be

written as:

E(A6)=(H,"H))"HE(Ar)
=(H,H)"'H[g e an
E(AH]AQIT) = (HITHI)_IH]TR;'HI (Hl TI_II)_1 (18)

51'2 +O_i2 +Elza] =i
where E(ArAr,) =

ee;,j#i
E(Ar?) E(AnAry)
R = : :
E(Ar A7) E(Ar?)

The KDOP can be obtained:
KDOP = \/trace[cov(AG))]

= Jtracd E(AGAG] )~ E(AG)E(AG)"] (19)

It can be seen from (17) that the location estimator is
biased and the mean and variance of location errors can be
computed by (17) and (19), respectively.

In some cases, we may have the mean and variance of e,

based on field experiments or some statistical scattering
model. Then an unbiased estimator and a higher positioning
accuracy should be expected. There, we discuss how such
prior information should be incorporated in the analysis.

Suppose that the mean e and variance Giz of e, can be
obtained beforehand. From (13), we have:
Fo=r—e=r+n+e,i=1-,N (20)



. _ ) _ . 2
where e, = e, —e,. With the mean e, and variance O, of

e, and from (8), the WDOP can be computed as:
WDOP = \Jtrace(cov(AB),))

= \/trace((HITRr,_lHl)_l)

where R, = diag([6] + o, 5 +0,’)).

3.1.2 NLOS errors are i.i.d random variables
In most cases, the range measurement noise may have an

@n

identical variance &~ , and NLOS errors may be i.i.d random

variables with the mean € and the variance o . In these
cases, an unbiased location estimator of MS position can be
obtained without the prior knowledge of NLOS errors. There,
(13) can be rewritten as:

r.=r+n+e =r+n+e+e,i=1---,N,N >3 (22)
where el.l =e —e, . Let € be an unknown parameter. If the

number of all BSs is more than three, then € can be
estimated. Since the number of measurement equations is
more than the number of unknown parameters. From (22), the

H matrix and A@ matrix in (1) can be rewritten as:

LR
ox Oy Ax
H, = : ,AG, =| Ay (23)
a oy | |
ox Ox
The LS solu;ion forA92 is ggven by:
AG,=(H,"H,)" H," Ar (24)
The mean matrix of A@z can be written as:
E(AO,)=(H,"H,)" H, E(Ar)
=(H,"H,)"'H,'[E(n, +¢,) E(n, +¢)]
=0 (25)

Equation (25) shows that the estimator will be an unbiased
estimator, while let € be an unknown parameter and
estimating it. From (11), the KDOP and WDOP can be
computed as:

WDOP = KDOP = \/ trace[cov(A6,)]
= \/trace[(Her‘le)‘l]

(26)

E[(n + ell)z] E[(n, + elv)(nN + eNy)]

E[(n, + eNy)(nl + ely)] E[(n, + eN')2]
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= : : : (27)
0 - 5+0o?
3.2 The case where the number of LOS BSs is three or more
The authors in [18] drive the CRLB on geolocation
accuracy in mixed NLOS/LOS environments, under the
assumption that there are three or more LOS BSs and NLOS
errors can be estimated by LOS BSs. In this section, we also
consider this case and analyze positioning accuracy based on

the DOP. The relationship between the DOP and CRLB drived
in [18] is also presented in the following analysis.

Here, denote the set of M BSs by NL, which can be
labeled as {1,2,---, M} without loss generality. The signals
received by the BSs in this set are NLOS signals. The
complement of NL, denoted by L, which can be labeled as
{M+1,M+2,---,N}, is the set of LOS stations. The

parameters to be estimated are the MS position and NLOS
propagation induced path length errors,

T
0, =[x,y,e,e,,"-,e, ] . The range measurement can be
rewritten as:

)

(28)

{ri+ni+ei,ieNL
r+n,iel

The H matrix and A@ matrix in (1) can be rewritten as:

AG, =[Ax Ay Ae Ae,].
[ on on ]

F 3 1 - 0

0'_;1 5;44 0 --- 1 H

N E

éx & 0o --- 0 HL 0

Ory Ory

2 2 0 -~ 0

From (5), the KDOP can be computed by the LS solution:
KDOP = \Jtrace[(H," H,) H, R H,(H,” H,)™'] 30)

where
A 0
R :{ N } A, =diag([5]

0 A,
. 2 2
A, =diag([o,,., oy’ ]) (31)
From (8), the WDOP can be computed by the WLS
solution:

S’ D,

WDOP = \trace((H, R "'H,)"']  (32)

The relationship between WDOP and CRLB is presented
in the proposition 4.

Proposition 4

When there are three or more LOS BSs, the WDOP equals
the CRLB derived in [18].



Proof: the CRLB matrix is defined as the inverse of the
Fisher information matrix (FIM) J 0"
E(AOAN0)> T, (33)
where "4 > B" should be interpreted as matrix (4 — B) is
non-negative definite. The FIM is determined by:

0 _ 0 ~ r
J,=E|—In )(—In 0 34
0 {86 S )(86 ua ))} (34
where f(7|6) is the joint probability density function of
[171 ‘e ?N] conditioned on @ . With (28), we have:
f(7]6) cexp{(r=r()' R (r=r(0))} (35)
With the chain rule, we have:

oln £(7|0)

=H,'R'Ar (36)
00
Substituting (36) into (34), we have:
0 0
Jy=E|—Inf(r|6)(—Inf(r|0)"
0 [86’ n f(r| )(80 n f(r| ))}

=H,RE(ArAr")R T'H,
=HR'RRH,
=H,’R'H, (37)

Hence, the WDOP equals the CRLB.

In other words, the WLS solution can attain the CRLB for
position estimates in an NLOS environment when the number
of LOS BSs is three or more. It can be concluded from
Proposition 4 that related discussions given in [18] can be
interpreted as special cases of our results.

The characteristic of WDOP matrix is discussed below:

Proposition 5

When there are three or more LOS BSs, the WDOP matrix
for the MS position is

[(HR7Hy) y =(H A H ) (39)
Proof: Substituting (29) into (H,' R."'H,)™", we have:

4, A,
(H3TRV71H3)71 :|: 11 12i|
A21 A22
_ _ -1
— {HNLTANL 1I—[NL + HLTAL IHL HNLTANL 1i| (39)
ANL_IHNL /\NL_1

Using the matrix inversion lemma [26], we have:

|:A11 A12 :|I
A21 A22
A7 A (Ay A7 A, — Azz)‘}
(A, — A, 4, 4,)"

(40)

_ { (4, — A, 4,7 4,)!

Ay A A, - Ay A A4,
(All - ‘412‘422_1/121)_1
=(Hy' Ay Hy +H A H —Hy Ay Ay Ay H )
= (HNLTANI;IHNL + HLTALilHL - I{NLT[\NI;l NL)7l
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=(H,"A\,'H,)" (41)
Hence,
[(HsTRr_1H3)_1]2x2 = (All - ‘412‘422_1‘421)_1
— (HLTALleL)fl

Another proof is provided in [18].

It can be concluded from Proposition 5 that the positioning
accuracy depends only on the LOS signals when there are
sufficient LOS BSs (three or more).

IV. ANALYSIS OF THE TDOA BASED METHOD
Here, we present the main results of the analysis of the
TDOA based method in NLOS environments.

The different range measurements fl.N can be model as:

Ty =5 =Ty =h=ny+(m—ny)+(e,—ey)  (42)
4.1 The case where the number of LOS BSs is less than three
4.1.1 NLOS errors ar not i.i.d random variables.

From (42), the H matrix and A@ matrix in (1) can be
rewritten as:

[ on_On on O |
ox @ o 0
X ‘ X 24 . 34 Ax
H,= : : ,AG, = Ay (43)
Ory, Oy Oy, Oy
| Ox  Ox Oy 8yj

A0, s corresponding mean matrix and E(AG,A 94T)
can be written as:
E(AG,) = (H4TH4)_1H4TE(A”')
=(H,H)"H ¢ g, ey —2y] (44
E(AG,A0,")=(H,H,)" H4TRdrH4 (H,"H,)" 5)
E(A”wz) E(ArINAr(N—I)N)
where R, = :
E(Ary_)vAry) E(A}/‘(N—I)Nz)
E(AriNz) =E((n,—ny +e, _eN)z)
=E(n’> -2nn, +n,’ +2(ne —ne, —nye +n,e,)
+e’ —2ee, +e,’)
=5"+05,"+E(e})-2ge, +E(e,’)
=6’+06, +e +o0 -2ee, +e, +0, (46)
E(AnyAry)=E((n,—ny +e,—ey)(n,—ny +e,—ey))
=E(n,’ tee, —eey —eyve, + ey’)
=5, +ee, —ee, —eye, +e, +0y’ (47)
The KDOP can be obtained:
KDOP = |Jtrace[cov(A0),)]




= Jtracd E(AG,A0,7) — E(AG,)E(AG,)"]
It can be seen from (44) that the location estimator will be
biased if € # e,,i # j . If we have the mean and variance of

e, based on field experiments or some statistical scattering

model, then an unbiased estimator and a higher positioning
accuracy should be expected. The different range
measurements model can be written as:

Vi :}’;_Ei_(rN_EN):’/;_rN+ni_nN+ei —ey (48)

, _ ) _ . 2
where ¢, = e, —e, . With the mean ¢, and variance O, of

¢, and from (8), the WDOP can be computed as:
WDOP = \/ trace(cov(A6,))

= \/trace((HfRd’,_11‘14)_1 ) (49

where R . =
dr

2 2 2 2 2 2
6+, +o, +oy, oy +oy

S5, +ao,’ Syl +0)+o, +o)
4. 1.2 NLOS errors are i.i.d random variables

If NLOS errors are i.i.d random variables, then we can get
an unbiased estimator without prior knowledge. The different

range measurements model can be rewritten as:

—~ '

Ty =T, =Ty :’/}_rN+ni_nN+gi_EN+€i'_€N
=r—ry+n—n,+e —e, (50)
Equation (44) becomes:

T gy T

E(AH4):(H4 H4) H, E(Ar)

_ , ' . oo
:(H4TH4) 1H4TE[el—eN eN—l_eN:|
=0 (51
The KDOP can be computed as:
KDOP = \Jtrace[(H,"H,) 'H, R, H,(H, H,)"']
(52)

where R, =

5 +6,) +o’+o, o) +ao,’

5, +ao,’ Sy +0) +o, +o)]
2 1 1
=1 2 1|/(5°+0%).
1 1 2
The WDOP can be computed as:
WDOP = \Jtrace((H,'R,"H,)™) (53)

It should be noted that the KDOP isn’t equal to WDOP
because covariance matrix is nondiagonal.
4.2 The case where the number of LOS BSs is three or more
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Here, we present the results of the TDOA when the
number of LOS BSs is three or more. Detailed derivations are
omitted, since they exactly parallel that for the TOA in the

previous section. The difference is that [ , and R, vary
depending on the method.

where
2 2 2
52467 - S,
Rr = : . : s
2 2 2
Oy e Oy +O0y
[ o _ow o _aw ...
ox ox oy oy 1 0—‘
Oy _ Oy Oy _ O ...
Ox ox oy oy O 1
H, = .
Oy _ Oy Onyy _ Ory 0O --- 0
Ox Ox oy ay
Oy ory Ory ory
=& & > O 0]
V. RELATIONSHIP OF WDOP BETWEEN THE TOA
AND TDOA

In this section, we discuss the relationship of performance
between TOA and TDOA under an identical NLOS
environment. The cases discussed here depend on assumption
that the number of LOS BSs is less than three.

5.1 The relationship of the WDOP between the TOA and
TDOA with the prior knowledge

Proposition 6

With prior statistics of the mean and variance of NLOS
errors, the WDOP of the TOA is less than the WDOP of the
TDOA.

Jirace(H'R "'H,) < \Jrace((H, R, " H,)™)

Proof: From (15) and (43), H, can be rewritten as:

[or, or, or o |
R
H, = . .
ory, Ory Ory, Or,
Loy oy
"or or ]
1 0 -1 &x oy
=|: I : . |=S8H, (54)
0 - 1 —1for, on
[ox oy
And
R .=

dr



S, +ao,’ Sy +0)+o, +o)
1 0 -1 +0> 0
0 1 -1 0 5N2+GN2
1 0o -1
0 1 -1
:SRr.ST (55)

Substituting (54) and (55) into (H,'R "H,)" . we
have:
(H'R,"H)" =(HS"(SR.S")"'SH,)"
=(H,"S"(SS")"'SH,)"

5T (DN
=(H, (INXN_ﬁ)Hl)
ST p -l
=(H1T(R,_1—R" II'R.
’ "R ™
where I:I1 =Rr,_1/2H1 , S =SRV.1/2 , T=Rr,_”21 and 1 is

a NxI1 vector of one’s. §T(,§§T)_1§ is the projection

VH,)™ (56)

matrix to the range of S. As 1 is orthogonal to S, 1is
q QT GaTy-1 G 11"
orthogonal to S'. Therefore S° (SS")" S =1 _ﬁ)

[17].
Equation (56) can be rewritten as:

H'R1"RH,
"R ™
=(H,"H,~ad"a)" (57)

1"R.'H,

JIR ™

P is an orthogonal matrix and A is a diagonal matrix. It
follows that:

P’ (ﬁl TI:II —a’a)P= PTIEI1 TﬁlP —(ap)’ (ap)
=A-b"b=diag([}, Z,)-b"D (¥)
Consider the Sherman-Morrison formula [14]:

(D+b'b)y =D —v® )Y () (59

1

(HR,"H)" =(H'RH, -

where a = . Now let [:[1 TI:]1 = P"AP . Where
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with  b=[b b] . (b*):[bl/ﬂ11 b,/ A,]
e 1
=—=7
1+ :
2,

From (58), we have:
(D-b"b)"' =—(-D+b"b)"
=~((=D)" =v(d") (b)) =D +v(b")" () (60)
Hence, o
tmc.e((HfRdrle4 Y =trace(H,"H, —b"b)™")
=trace((P(H,"H, —b"b)P)™") = trace(D—b"b)™)
=trace(D ")+ trace(v(b")" (b")) (61)
where trace(D™") = trace(P" H | TIrIIP)

=trace(H, H,) = trace(HITerlH,)
2 bi 5
: Z (7)
And trace(v(b") (b")) = VZ ()} =H

2

2
i=1 ﬂ’ii 1+ Z bi
i=1

ii

As ﬁl TI:II is Hermite matrix, A, >0 . Thus,
trace(v(b")" (b")) > 0.
Therefore

trace(H,'R,"'H,)™") > trace(H,'R "'H,)  (62)
5.2 The relationship of the WDOP between the TOA and
TDOA when NLOS errors are i.i.d random variables.
Proposition 7
For i.i.d case, the WDOPs of the TOA and TDOA are
equal.

Jiracd(H,TH,) 165 + )]

2 1 1
= trace((H4T{ 1 2 1 (52—+-O'2)}_][‘14)_1 (63)
1 1 2

Proof: See [17]

When NLOS errors are ii.d random variables, the
relationship among WDOPs can be obtained from Proposition
6, Proposition 7, equation (49) and equation (53):

WDOPTOA,prior < WDOPTOA
WDOPF,,, =WD OPTDOA, prior — WDOR,,, (64)
where WDOP,,, ... » WDOF,,, . WDOPF,;,, .., » and

WDOP,,,,, can be computed by (21), (26), (49), and (53),
respectively, in i.i.d case.

WDOPTOA,prior = \/trace(COV(Ael))
= Jtrace((H"H,) ' 1(6* +5))




WDORP,,, = \/ trace[cov(A6,)]
= \/trace[(HzTHz ) IS5 +07)]

WD OPTDOA, prior WD OPTDOA
2 1 1
= |trace(H,”{{1 2 1|(8*+c*)}"'H,)™)

1 1 2

Equation (64) shows the relationship of the WDOP
between the TOA and TDOA for i.i.d case. The performances
of TDOA regardless of the prior knowledge are same as the
performance of TOA without the prior knowledge, and the
performance of TOA with the prior knowledge has the best
accuracy. This also means that the WDOP of the TDOA is
monotonically decreasing in respect of the number of BSs in
i.i.d case, although the covariance matrix of the TDOA is
nondiagonal.

VL CONCLUSIONS

We present the analysis of the TOA and TDOA based
methods in NLOS environments. The positioning accuracy is
investigated in terms of DOPs according to different NLOS
cases. Analysis results of our study include the following: In
the TOA based methods, the WLS solution can attain the
CRLB and the performance of the WLS solution depends only
on LOS signals, when the number of LOS BSs is sufficient. If
NLOS errors are not i.i.d random variables and the systems
have not prior statistics of NLOS errors, then the location
estimator will be biased regardless of location techniques
(TOA or TDOA). On the contrary, the unbiased location
estimator can be obtained. For i.i.d case and insufficient LOS
Bss, the performances of TDOA regardless of the prior
knowledge are same as the performance of TOA without the
prior knowledge, and the performance of TOA with the prior
knowledge has the best accuracy. This also means that the
WDOP of the TDOA is monotonically decreasing in respect of
the number of BSs in i.i.d case, although the covariance matrix
of the TDOA is nondiagonal.
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